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Ginzburg-Landau Model and Single-Mode Operation of a Free-Electron Laser Oscillator
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It is shown that the radiation field in a long-pulse, low-gain free-electron laser oscillator obeys the
complex Ginzburg-Landau equation. The question of single-mode operation is investigated by analysis
and simulation, and the results are compared with experiments at the University of California at Santa
Barbara, as well as the Dutch fusion free-electron-maser experiment. It is shown that the intervention
of a frequency-dependent reflection coefficient can facilitate the realization of single-mode operation.
[S0031-9007(99)08757-8]

PACS numbers: 41.60.Cr, 42.65.Tg, 52.35.Mw

In a free-electron laser (FEL) oscillator, the intensitytakes a very long time to realize a single mode in the
of the radiation field is built up over many passes ofabsence of any frequency discrimination, the intervention
the radiation in a resonator cavity at the expense of thef a frequency-dependent reflection coefficient may have
energy of a relativistic electron beam. Several cavityfacilitated the realization of a single-mode state within the
modes are usually excited due to the interaction of thdifetime of the electron beam in the Dutch experiment.
electron and the optical beam. This paper is motivated In earlier work, we have derived the GLE [6,7] from
by two principal questions: (i) What is the equationthe FEL amplifier equations in the high-gain Compton
governing the nonlinear dynamics of the radiation fieldregime. In this paper, we derive the GLE from the low-
when multiple modes are excited. (ii) What are thegain oscillator equations. In so doing, we make a strong
conditions under which a single-mode state emergesase for the universal applicability of the GLE to a long-
spontaneously from the nonlinear evolution of a broadoulse FEL, independent of whether the FEL is configured
spectrum of unstable modes competing for the energy ddis an oscillator or an amplifier.
the electron beam? We begin with the formulation used in [5] (which

The theory developed in this paper is applicable to low-originated from [8]). We define the normalized signal
gain FEL oscillators driven by long-pulse electron beamsamplitude by the relation
These devices exhibit a strong tendency to evolve into a gA (wL\*  K(1 + K*/2)
single-mode state [1-3]. The linewidths realized can be a=—> <—> T S AT
very small, making them ideal for demanding applications [yr — (1 + K2/2)]
such as spectroscopy or isotope separation. For sudkhere ¢, m, yg, and ¢ are the electron charge, mass,
devices, we demonstrate that the radiation field amplitudeelativistic factor, and speed of light, respectivealyjs the
A(z,t) can be modeled by the complex Ginzburg-Landaueference frequency of the radiatioki,= gA,,/mc?yg is
equation (GLE), the wiggler parametet, is the length of the interaction
region, and4,, is the magnetic potential of the wiggler.

mc2 \ ¢

0A 92A ; :

oz =A+ 1+ ic) a2 (1 + ic2)|AIPA, (1) We represent by the Fourier series
wherez is the coordinate along the axis of the undulator, a(ry, 70) = Z an(7s) exp—inm ). )
t is time, andc; andc, are real parameters calculated by n=—o

the theory. We then apply the model to two differentin (2), the time dependence af is separated into a
FEL devices—one at the University of California at fast time 7, associated with the time of transit of the
Santa Barbara (UCSB) [1,2] and the other at the Dutchadiation through the empty cavity, and a slower time
FOM-Institute for Plasma Physics [3]. Whether single-r, associated with the decay time of the radiation in the
mode operation was truly realized within the lifetime empty cavity. Specifically, we writey = tv,/L., where

of the electron pulse in the UCSB experiment has been is the physical time[, is the cavity lengthy, is the

a source of theoretical controversy in the past [4,5]axial group velocity, and, = tvve/2L., wherev is the
Based on a large number of high-resolution simulationsraction of the power lost from the radiation field per
of the GLE with random initial conditions, we conclude round trip. Note that is a periodic function ofry, with
that, in the absence of frequency selective feedbacka period of 2. The evolution aof in slow time is given

a single-mode state was most probably not realized iy the equation

the UCSB experiment. We also apply the GLE, with 1 il (2dr (!

some modifications, to the Dutch fusion free-electron — + —aq, = ——f —j dé

maser (FEM) experiment which has recently reported 7s 2 4vJoo 2 Jo

single-mode operation [3]. We show that, although it X (exg{—i[¢p — nmw(e€é + 10)]}), (3)
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where o, assumed to be uniformly distributed between 0 and
; 4rj LPw K(1 + K2/2) 27r. The phase/ satisfies the one-dimensional pendulum
Tl v R 0 K2R suaton.
is the normalized current. Hetlg = ygB.mc?/q is the dp = d—‘g
so-called Alfvén limiting current; is the effective beam dé dé
current density,3, = v,/c is the normalized electron B - :
axial velocity, ¢ = z/L is the normalized axial coordi- =Im H:Z_xa” expily — nm(ed + o)l |, (4)

nate, e = L(v, — v;)/L.v; is the slippage parameter, ) .
and ¢ = (k, + k,)z — wt is the relative phase of an Subject to the boundary conditiody /d¢ls=0 = po =
electron, withk,,k, denoting the wave number of the CONSt. Equations (3) and (4) are the basic equations
wiggler and the radiation field. The angle bracket inunderlying the numerical simulations discussed in [5].

(3) represents an ensemble average over entrance prra%g)%‘; defineQ = (exp(—i)). Using (2), we can rewrite

e
_% 0 d¢ Q[ po. &, alrs, 7o — &), edalry, 70 — §)/d70,...]. ®)

da
J7g

L1
—da
2

Expressingy in a Taylor seriesy(&) = > _, £"(d" ¥/ | Note that the real pal, is just the standard FEL small-
d&™)¢=o/n!, we obtain, in the low-gain approximation,  gain function which is positive fob < py < 6.28 with a

' . > maximum atp, = 2.6. The coefficien{8 is complicated
exd—iy(¢)] =exd—i(o + poé)] > — and cannot be written in closed form, but we can express
m=0 """ it as a power series ipo, that is,8(po) = >, B.po. We

. o f” dnw
X [‘—lzz ;E'EE;

n=2

" have calculated the coefficie®, using Mathematica up
e | to n = 25, and find thatB(po) is well approximated by
. - the relationB8(po) = —2.3|Go( po)|*Go( po), for | pol < 6.
By (4), themth term in the above series 8(a™). We  Equation (7) can be reduced to the standard form (1) of
consider the case of smai| and so keep only terms up to the GLE by means of the following transformations:=
0(a’). The cubic nonlinearity in the GLE is stabilizing, A,Aexdi(xz + Q1)] and 7, = 29z, 70 = tof — 74/ vo,
predicts a saturated power level [6] for the FEL, andynere 20 = 2/[1(Goy — G2./2G2)/2v — 1], 1/vp =
thus enables us to apply the GLE even wheis of the 16(Gy — G1,Gai/Gar)/4v, k = 120(Goi — G2.Gai/
order of unity. The effect of sideband instabilities, which, - )’/4U A2 _l4v/rz ig, £ = - y s i/
appear whem is much larger, will not be considered here _GZ’ 0 h <07 0 & 0T8T
and is left to future work. irfo/£G2y With ¢1 = Gai/Gar. 2 = Bi/ Br-

It can be easily shown that terms containing odd power ei'ﬁg\lgrgggﬁ c?izl;ﬁ?snes d?; ([17)] aq%éh;:: Slfear?:lcl)gepvrv?t%etrt;e
of a are the only ones to survive the ensemble average. ; o ) S gle mod .
argest gain is stable, that is, there is no Benjamin-Feir in-

we obtain . stability [9] of the GLE if 1 + ¢,¢, > 0, which is valid
~ ( ,—il+ped)] _ £" d"o for | pol < 4.632. However, away from the gain maxi-
0 e i Z
= n! dér mum, the system is unstable to the Eckhaus instability [9].

i & € an 3 Following the method discussed in [7], we can obtain ana-
+ E[ Z ol den } > (6) lytically the following stability condition fore — 0:
n=2 :

We substitute expression (6) in (5) and calculate the | 4 Gaibi , _ Gi, | B? 8
leading linear terms proportional tq da /a7, 9%a/75 as + G, B, laol” > G, By + Ig_g : (8)
well as the nonlinear term proportional to|>a. After
some algebra, we obtain Here
da 1 1 [ da

+ -a=—|G a — iG e— 1[Gy
a7, > 1o o(Po) 1(po) 70 laol? = B_[_ GOri| )

rL X

1 9%a
2 2(po)e a7t B(pollal’a is the square of amplitude of the complex saturated
(7) radiation field,G,, is a constant chosAen to be close to
the maximum value ofs,, andy = G,,I/4v. Note that

where
_ . e it is always possible to choodey|? so that the Eckhaus
Golpo) = — i(cosl’oz 1) 4 L i(”"iﬁ"”po), stability condition (8) is violated. As shown in [7], the
2 dpo Po 2 dpo Po Eckhaus instability is essentially a phase instability, that
G1(po) = dGy (po) = @ is, the phase perturbation grows much faster than the
1LpPo dpo’ 21Po dpg amplitude perturbation in the linear regime.
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In Fig. 1, we plot contours of constagt(dashed lines), these spectral observations with simulations of the GLE
calculated from (9) inag, po) Space. This plot is quali- using random initial conditions. In all runs, we used
tatively similar to that calculated in [5] using the basic parameters characteristic of the UCSB experiment, with
equations (3) and (4), and gives confidence in the predice = 3.3 X 1073, py = 2.606 which is near maximum
tive capability of the GLE. Wher > 0, the analytical gain withG,, = G(,(2.606, andy = 3. We use periodic
condition (8) is not accurate for smadly|, and so we de- boundary conditions om, (with a period of 2) and a total
termine the stable domain numerically. The solid linesof 1024 Fourier modes, including 390 modes under the
in Fig. 1 define the stability boundaries fer= 0.2, with  positive gain curve. Initially, random small amplitudes
the stable region lying between the two lines. The dottedire assigned to all Fourier modes, and the radiation
line in Fig. 1 represents the stability boundaries accordindield is calculated as a function of, by solving (7)
to the analytical condition (8) which is valid in the limit numerically using a pseudospectral method. Assuming
e — 0. For small but nonzero values ef(for example, v, = ¢, we obtain the slow timer; = rvv,/2L. =
e ~ 3.3 X 1073 for the UCSB FEL), the numerical sta- tv/0.05 us. Sincev is the fractional power loss per
bility boundaries cannot be distinguished from the- 0 round trip, its maximum value is one. The maximum
boundaries when plotted on the scale of Fig. 1. time ¢ is determined by the pulse length of the electron

In [7], we have presented numerical simulations for thebeam, which is abof0 us. Hence, we run the numerical
GLE showing that it takes a rather long time, comparedxperiments for; = 1000. In reality, sincev is smaller
with the electron pulse length, for the radiation field tothan unity,r; is of the order of a few hundred.
relax to a single-mode state. While the amplitude relaxes We present the statistical results frord* runs, each
quickly to a near-constant value, multiple modes persistvith a random initial condition. In Fig. 2, we plot the
in the phase. This can be easily explained by the fagbrobability P,y (solid line) of finding a “single mode”
that the decay rate of the amplitude perturbation is muchwvithin the central 20-mode range (defined in [2] and [10])
larger than that of the phase perturbation. The spectrals a function of-;. We see that the probability grows very
half-width of the radiation field is found to decayas‘sl/z, rapidly for r, < 50, but grows much more slowly after
in agreement with [5]. that at a level about 10%. This agrees with the estimates

Danly et al. [2] have reported direct observations of the given in [10] but is about one-third of the experimental
UCSB FEL spectrum with a spectrometer that can resolvéinding [2]. It is possible that the discrepancy between
20 modes in a given pulse. About 90 spectra were takertheory and experiment can be accounted for by invoking
and 29% of them were found to be a “single-mode” statea frequency-dependent reflection coefficient of the cavity,
defined in [2] as a state in which one mode has poweconsidered below in greater detail in the context of the
at least twice as large as any other mode. Note thaDutch experiment.
this is a much less stringent definition of a single-mode In Fig. 2(a), the dotted line represemntg;, the proba-
state than we have adopted so far. We now comparhility of a single mode for the entire spectrum. Note that,

by definition, we must have,; = P,y. We see that there

exists a substantial difference (about 0.04) between the two
fg—— T ——T———T————T——— curves forr; as large as 400. This implies that about
one-third of the so-called single-mode cases, inferred by
calculating Py, are not, in fact, true single modes even
by the less stringent definition adopted in [2] because it
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FIG. 2. (a) Solid curve: the probability’,, of obtaining a
FIG. 1. Contours of constant (dashed curves) plotted in single mode using the less stringent definition of [3] and [10],
(ao, po) space for the parameters of the UCSB FEL, calculatedvithin the central 20-mode range as a functionrpbased on
using (9). The phase stability boundary fer= 0.2 (solid  10* random runs. Dotted curve: the probabilRy; of a single
curve) ande — 0 (dotted curve) is calculated using (8). The mode for the whole spectrum. (b) Probability densityAn)
central region is stable. at 7, = 400 based on the same set of runs as in (a).
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60 RARAASRARARRRS 100.0f - - Note that, forv = 0.75, 7, = 250 corresponds to about
soflal? 10 us in real time, similar to the time scale of the fusion
ol 100} o et FEM experiment. The double-peak feature is indeed seen
n R in the experiment [3]. In Fig. 3(b), we pldxn, defined
30¢ above, as a function of,. The solid curve represents
20F 10F ; An including the frequency-dependent reflection coeffi-
ol cient, whereas the dashed curve represeéntswithout
. T, o T, th_e frequency dependence in the cavity loss term, that is,
0 50 100 150 200 250 0.1 10 100 1000 10000  Withdo =1landd, = d, = 0. Figure 3(b) shows clearly
(2) (b) that, without the freugency-dependent reflection coeffi-

cient, An remains a larger value than unity due to the ex-
GLE for parameters of the Dutch fusion FEM experiment, in-citation of Eckhaus instabilities as the amplification band
cluding the effects of a frequency-dependent reflection coefShifts. However, with the frequency-dependent reflection
ficient and time-dependent,. (b) Number of modes in the coefficient, the single-mode criterichn < 1 is satisfied
spectrumAn (solid curve), defined in text, as functions of.  at aboutr, = 100. Thereafter, the system becomes Eck-
rameters but without the frequency dependence. increasing the intensity of the total radiation field and

causing the second peak seen in Fig. 3(a). Subsequently,
is possible to find a mode with a larger amplitude out-the FEL shows a second relaxation phase to a single-mode
side the central 20-mode range. In fact, if we determinétate, but does not have time to attéin < 1 since the
single-mode states by the more stringent and accurate copmplification band shifts through the cavity band alto-
dition An < 1, whereAn = ((n — (n)?}!/2, with (n) = gether and the total power dies out quickly.

> nla,l/ >, la,l, the probability density?(An), shown This research is supported by the Air Force Office of
in Fig. 2(b) (forr, = 400), peaks at aboukn = 15 with Scientific Research Grant No. F49620-96-1-0068 and the

a deviation of about-5. The probability forAn to be  Department of Energy Grant No. DE-FG02-91ER40669.

near 1, representing a true single-mode state, is negligibly
small.
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