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Nonequilibrium and current sheet formation in line-tied magnetic fields
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Parker’s model of coronal heating@E. N. Parker, Astrophys. J.174, 499~1972!# is considered within
the framework of ideal reduced magnetohydrodynamics. It is shown that there can be at most one
smooth magnetostatic equilibrium for a given smooth footpoint mapping between two end plates to
which field lines are line-tied. If such a smooth equilibrium is deformed continuously by further
footpoint motion so that it becomes unstable, there is no other smooth equilibrium for the plasma to
relax to, and the system tends to a nonequilibrium state containing singular currents~‘‘current
sheets’’!. It is shown that this process can occur as the system relaxes asymptotically to a state of
minimum energy~possibly in infinite time!. Numerical simulations that begin from smooth initial
conditions containing current layers are presented. As the current layers become increasingly intense
due to footpoint motion and eventually cross a threshold for instability, the magnetic relaxation
observed in the simulation shows a tendency to form nonequilibrium states with current sheets. A
necessary geometrical criterion that determines the sites of current sheet formation in models
without nulls or closed field lines is given. According to this criterion, the rate of velocity
amplification, analogous to the Lyapunov exponent in nonlinear dynamics, becomes unbounded at
singularities. ©1998 American Institute of Physics.@S1070-664X~98!01411-6#
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‘‘A not uncommon phenomenon in science is t
rapid transition, without apparent cause, from o
state in which a concept is almost universally disb
lieved and rejected to another state in which it is
transparent as to require no comment and exhibit
visible history. Sometimes there may be a transitio
period during which both states coexist simult
neously ~and schizoidally! in the scientific commu-
nity. It is my belief that the subject of this paper
either in the course of a transition or close to it~but in
which state it lies preponderantly, I am not willing t
guess!.’’
—H. Grad, inProceedings of the Workshop on Mat
ematical Aspects of Fluid and Plasma Dynamics, Tri-
este, 1984~UniversitàDegli Studi Di Trieste, Faculta`
Di Scienzi, Istituto Di Mechanica!, pp. 253–282.

I. INTRODUCTION

About 25 years ago, Parker proposed that a large-s
solar coronal magnetic field with a complicated topolo
does not possess a smooth magnetostatic equilibrium.1 In
Parker’s model, the solar corona is treated as an ideal pla
column, bounded by two perfectly conducting end plates
z50 andz5L, representing the photosphere. The footpoi
of the magnetic field in the photosphere are frozen~‘‘line-
tied’’ !. Initially, there is a uniform magnetic field along thez
direction. Keeping the footpoints of the magnetic field
one of the plates (z50) fixed, the footpoints on the othe
plate (z5L) are subjected to slow, random motions that d
form the initially uniform magnetic field. The footpoint mo
tions are assumed to take place on a time scale much lo
than the characteristic time for Alfve´n wave propagation be
4021070-664X/98/5(11)/4028/13/$15.00
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tweenz50 andz5L, so that the plasma can be assumed
be in static equilibrium nearly everywhere, if such equili
rium exists.

For a given equilibrium, a footpoint mapping can b
defined by following field lines from one plate to the othe
Since the plasma is assumed to obey the ideal magnet
drodynamic~MHD! equations, the magnetic field lines a
frozen in the plasma and cannot be broken during the fo
point motions. Therefore the footpoint mapping must be c
tinuous for smooth footpoint motion. Parker claimed that i
sequence of random footpoint motions renders the mapp
sufficiently complicated, there will be no smooth equilibriu
for the plasma to relax to, and tangential discontinuities
the magnetic field~‘‘current sheets’’! must develop.1

Parker’s claim has stimulated considerable debate
continues to this day.2–5 ~For a review and extensive refe
ences, see Refs. 6–8.! The Parker problem is nonstandar
and in the mathematical literature there appear to be very
rigorous results that are directly applicable. Parker hims
has given several physically persuasive arguments8 in sup-
port of his claim, but a mathematically rigorous demonst
tion of current sheet solutions, based on the ideal MH
equations, continues to be elusive.

The first significant objections to Parker’s claim of no
equilibrium were raised by van Ballegooijen2 ~hereafter, VB!
who argued that smooth equilibria must always exist as lo
as the footpoint motion is smooth~or continuous!. Further-
more, based on certain assumptions regarding the geom
structure of current sheets, VB claimed that an equilibriu
current sheet cannot be reconciled with a continuous fo
point mapping.~VB’s argument, valid for force-free plas
mas, was later extended to plasmas with finite pressure
dients by Field.9!

While VB’s treatment of Parker’s model shows that no
8 © 1998 American Institute of Physics
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symmetric smooth solutions do exist for smooth footpo
motions, it leaves unanswered the question: what will oc
if a smooth equilibrium is gradually twisted so that it eve
tually becomes unstable? This question has been consid
recently by Longcope and Strauss,5 and involves an impor-
tant point of principle: does the unstable, line-tied coro
represented in Parker’s idealized model tend to a nonequ
rium state with a true current singularity or to an equilibriu
with an ‘‘intense, but ultimately continuous, curre
layer?’’ 5

Numerical simulations seem to suggest that curr
sheets can appear after an equilibrium becomes
stable.10–17 Illuminating as these simulations are, there a
two reasons why it is impossible to settle the debated p
of principle entirely on the basis of numerical evidenc
First, even if the system tends to a true current singular
the singularity may not be realized in finite time.~For some
examples of infinite-time current singularities in syste
with well-defined separatrices, see Ref. 18 and other citat
therein.! Needless to say, an infinite-time singularity c
never be realized by a computer code running for finite tim
no matter how accurate the code may be. Second, limitat
of spatial resolution make it extremely difficult, if not impo
sible, to distinguish between a current sheet and a very
current layer. It may be argued that for all practical purpo
this distinction is of academic interest because once the
rent density does become very intense, a small but fi
dissipation will intervene to regularize a potential singular
and transform it to a current layer. This argument should
treated with caution, because thetendencyof formation of a
true singularity~be it finite-time or infinite-time! has funda-
mental and broader consequences for the reconnection
turbulent dynamics of coronal plasmas in the limit of ze
dissipation. It is, therefore, worthwhile to pursue the quest
of principle raised by Longcope and Strauss.5

Building on VB’s original argument, Longcope an
Strauss claim that the line-tying constraint is incompati
with a genuine current sheet. They begin from a smo
initial force-free equilibrium that is unstable to a line-tie
variant of the ideal coalescence instability19 and proceed to
investigate the nature of the final state after the instab
has run its course. Theyassumethat in the presence of vis
cosity the system must relax to a new force-free equilibri
of minimum magnetic energy, although the existence of s
a second equilibrium is not shown rigorously. Based on
reduced MHD equations~presented in Sec. II!, we show in
Sec. III that this situation also admits another possibility:
unstable system may relax to a nonequilibrium state wit
current sheet which is also a state of minimum energy. T
leads us naturally to the question: which of these two po
bilities is actually realized in Parker’s model?

To answer this question, we present a new theor
there is at most one smooth equilibrium for any given smo
footpoint mapping. It follows from this theorem that if there
exists a smooth but unstable equilibrium for a given smo
footpoint mapping, there is no other smooth equilibrium th
the unstable plasma can relax to. Thus nonequilibrium w
current sheets must develop, consistent with the original s
gestion of Parker.1
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In Sec. IV we present some numerical simulations
the line-tied coalescence instability as well as equilibria c
taining thin and intense current layers which become ide
unstable when the current density in the layers exceed
certain threshold. The numerical evidence appears to
qualitatively consistent with our claim that in the afterma
of the instability, the system tends to a nonequilibrium st
with a current sheet.

Parker’s model presents a difficult challenge for MH
theory because its line-tied geometry does not fit neatly i
any of the well-known categories of field-line geomet
where the formation of current sheets is well establish
These categories include systems with closed field lines~cf.
Ref. 20!, two-dimensional systems withX-type neutral lines
~cf. Ref. 18! or three-dimensional systems with magne
nulls ~cf. Refs. 21 and 22!, all of which have well-defined
magnetic separatrices. There are no obvious separatrice
Parker’s model because the field lines have finite length
no continuous symmetry, do not close on themselves, an
not appear to develop nulls. We demonstrate in Sec. V th
necessary condition for the location of current singularit
in Parker’s model is where the exponent representing the
of velocity amplification, defined by Greene,23 tends to arbi-
trarily large values. Thus current singularities in thre
dimensional~3D! geometry can be associated with sites
unbounded increase of the velocity amplification coefficie
analogous to the well-known Lyapunov exponent in nonl
ear dynamics. We conclude in Sec. VI with a summary.

II. MODEL AND EQUATIONS

We consider Parker’s model1 of the solar corona within
the framework of the reduced MHD~RMHD! equations2,24

]V

]t
1@f,V#5

]J

]z
1@A,J#1n¹'

2 V, ~1!

]A

]t
1@f,A#5

]f

]z
1h¹'

2 A, ~2!

where B5 ẑ1B'5 ẑ1¹'A3 ẑ is the magnetic field,v
5¹'f3 ẑ is the fluid velocity, V52¹'

2 f is the
z-component of the vorticity,J52¹'

2 A is thez-component
of the current density,@f,A#[fyAx2fxAy , h is the resis-
tivity, and n is the viscosity. As discussed in Sec. I, w
assume that the field lines are line-tied atz50 andz5L.

An ideal magnetostatic equilibrium solution of Eqs.~1!
and ~2! is obtained by setting all explicitly time-depende
terms as well asf andh to zero. We then obtain

]J

]z
1@A,J#50. ~3!

Equation~3!, which can also be written asB•¹J50, implies
that the current densityJ must be constant along a give
magnetic field line in an ideal magnetostatic equilibrium.

Equation ~3! is isomorphic to the incompressible two
dimensional~2-D! Euler equation in hydrodynamics if w
identify z as a time variable,A as a stream function andJ as
the vorticity field. This allows us to invoke a well-know
existence theorem25 to assert that for any smooth functio
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A(x,y,0), a smooth and unique equilibrium solution satis
ing Eq.~3! can be found in a bounded domain, assuming t
the velocity on the boundary curve~in the x,y plane! is fi-
nite. Such an equilibrium solution defines a continuous m
ping of the footpoint of a field line fromz50 ontoz5L,

x'~z!5X@x'~0!,z#, x'~L !5X@x'~0!,L#, ~4!

wherex'5(x,y), X5(X,Y). The mapping can be found b
tracing field lines fromz50 to z5L according to the Hamil-
tonian equations

dX

dz
5

]A

]y
~X,Y,z!,

dY

dz
52

]A

]x
~X,Y,z!, ~5!

with given initial conditionx'(0).
VB claimed that for every ideal equilibrium satisfyin

Eq. ~3! with smoothA andJ, a neighboring smooth equilib
rium can be found for all time by specifying smooth boun
ary flows f(x,y,0,t) and f(x,y,L,t) at the two end plates
He demonstrated this by deriving an equation~hereafter, re-
ferred to as the VB equation! for the stream function
f(x,y,z,t). The VB equation is obtained by assuming th
Eq. ~3! holds for all time, taking its time derivative, and the
eliminating the time-derivatives using Eq.~2!:

]

]z H ]V

]z
1¹'

2 @f,A#J 1F]f

]z
1@A,f#,JG

1FA,
]V

]z
1¹'

2 @f,A#G50. ~6!

Here it is assumed that the plasma is ideal~that is,h50).
Since Eq.~6! is linear in f and second order in]/]z, it is
plausible that a smooth solution off(x,y,z,t) can be found
by specifying the boundary conditionsf(x,y,0,t) and
f(x,y,L,t) for all smooth functionsA andJ satisfying Eq.
~3!. Once such a smooth solutionf(x,y,z,t) is obtained, a
smooth equilibriumA(x,y,z,t) can be found for all time by
solving Eq. ~2!. VB argued that the only way in which
A(x,y,z,t) may lose its smoothness is if the velocity field
the boundary, specified byf(x,y,0,t) and f(x,y,L,t), is
discontinuous.

Since the VB equation is a partial differential equati
with fourth-order spatial derivatives and unknown coe
cients involving A(x,y,z,t), the issues of existence an
uniqueness for the two-point boundary value problem
nontrivial. We discuss some of the relevant mathemat
issues in Appendix A~when periodic boundary conditions i
x' are imposed!. Let us assume that the conditions for t
existence of a smooth equilibrium solution of the VB equ
tion are fulfilled for a given footpoint mapping. Even if tha
is so, such an equilibrium can be gradually deformed
further footpoint motions and eventually driven unstable
the imposed twist~and/or shear! is large enough. Indeed, it i
well known that ideal kink instabilities can occur in line-tie
coronal fields if the current density exceeds a criti
threshold.10,26–29In Sec. III we consider the relaxation of th
coronal plasma in the event of such an instability if the
sistivity is zero but the viscosity is nonzero and finite. T
absence of resistivity keeps the footpoints frozen, but
total kinetic energy of the system can be gradually dissipa
-
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by viscosity. Such a relaxation process has been invoked
Longcope and Strauss to argue that a second equilibr
must exist.5

III. MAGNETIC RELAXATION AND NONEQUILIBRIUM

Consider a static but unstable equilibrium of the RMH
equations~1! and ~2! with zero h but nonzeron, satisfying
the equilibrium condition~3!. A small perturbation can pro
duce large flows~kinetic energy! which are then dissipated
according to the energy equation,

dE

dt
5

d

2dt H E ~ u¹'Au21u¹'fu2!d3xJ 52nE V2d3x.

~7!

The system must eventually relax to a state with lower
ergy such that

E
0

` dE

dt
dt52nE

0

`F E V2d3xGdt5const, ~8!

which should be independent of the viscosityn. To ensure
this, we require that

dE

dt
~ t→`!52nE V2~ t→`!d3x→0. ~9!

One possibility, considered in Ref. 5, is that the system w
relax to another static equilibrium withf5V5@f,V#
5¹'

2 V50, satisfying Eq.~3!. However, as demonstrated b
low by simple scaling arguments, it is also possible that
system can relax asymptotically to a nonequilibrium st
with current sheet~s!.

Assume that after a period of relaxation there is a curr
layer in the system with a typical widthd(t). @If the singu-
larity occurs in infinite time, thend(t→`)→0.# Let us con-
sider the possibility of a nonequilibrium state which does n
obey Eq.~3! everywhere. Assume that within the layer, th
equation

]J

]z
1@A,J#5O~d2m!

holds, wherem is a non-negative constant. To satisfy Eq.~1!,
we must have

]J

]z
1@A,J#;2n¹'

2 V;O~d2m!. ~10!

We shall show,a posteriori, that the left-hand side of Eq.~1!
is of lower order after we establish the range ofm. We now
obtain ¹'

2 V;O(d2m/n), or V;O(d22m/n). Substituting
these orderings in Eq.~7! we obtain

dE

dt
;O~d522m/n!. ~11!

To satisfy Eq.~9!, m must lie in the range

0<m,5/2, ~12!

which still leaves plenty of room for nonequilibrium wit
current sheet~s!. For example, ifm52, we can haveB
;O(1), J;O(d21) without violating Eq.~10!.
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By Eq. ~8!, the energy difference between the initial a
the final ~asymptotic! state is

DW5E
0

` dE

dt
dt;OF1

n E
0

`

d522mdtG5const, ~13!

which should be finite~for m,5/2) and independent ofn.
This is ensured if the functional dependence ofd on n can be
written in the scale-invariant formd(t)5d(t/n). Then in-
creasingn will slow down the rate of relaxation and decrea
ing n will speed it up ~which is indeed the general tren
observed in the numerical simulations presented in Sec.!.
For example, if we assume thatd;d0 exp(2lt/n) wherel
.0, we obtain2DW;d0

522m /(522m)l which is finite,
positive in the range~12! and independent ofn. So it is
possible, in principle, for the system to relax to a noneq
librium state with current sheet~s!, and at the same time sa
isfy the minimum-energy condition~9!.

It is well known that the magnetic relaxation proble
can be cast in the form of a variational principle.30,31 Con-
sider the first variation of the energy integral for the RMH
equations:

dE5E ¹'A•¹'dAd3x5E JdAd3x. ~14!

Using Eq.~2! we can rewrite Eq.~14! in the form

dE5E JH ]f

]z
1@A,f#J d3xdt

52E fH ]J

]z
1@A,J#J d3xdt, ~15!

which vanishes for a minimum-energy state. Equation~15!
implies that a stable static equilibrium satisfying Eq.~3!
must be a minimum of the energy functional. However,the
converse may not be true. If the system contains curren
sheet~s! and condition~12! applies, it follows from Eq.~10!
that f;O(d42m) and dE;O(d522m)→0. We thus con-
clude that although a minimum of the energy functional e
ists, the function that minimizes the functional may not.
is well-known in the theory of partial differential equation
~cf. Ref. 32!, such a solution is called a ‘‘weak’’ solution t
distinguish it from a ‘‘strong’’ solution which satisfies Eq
~3! everywhere~as well as the specified boundary cond
tions!.

The magnetic relaxation method indicates two possib
ties for the~asymptotic! final state: a smooth equilibrium o
nonequilibrium with current sheet~s!. Which of these two
possibilities is realized in Parker’s model? To answer t
question, we present the following theorem in ideal RMH
with periodic boundary conditions inx':

For any given footpoint mapping connected smoot
with the identity mappingx'(L)5X@x'(0),L#5x'(0),
there is at most one smooth equilibrium.

The proof of this theorem, which uses the method
reductio ad absurdum, is given in Appendixes B and C. In
constructing this proof, we assume that there exists a sec
smooth and stable equilibrium~of minimum energy!, and
show that this assumption leads to a contradiction.
i-

-

-

s

y

f

nd

The theorem implies that if a given stable magnetosta
equilibrium is driven by footpoint motions to evolve throug
a sequence of equilibria until it becomes unstable, there is
other smooth equilibrium for the unstable equilibrium to r
lax to. Then the unstable smooth equilibrium must relax t
nonequilibrium state with current sheet~s! ~possibly ast
→` if a finite-time singularity does not occur!.

The theorem says nothing about the topology of the c
rent sheet or about the time required to realize the singu
ity. VB has argued that the attainment of such a singu
state is impossible by smooth footpoint motions becaus
current sheet in a magnetostatic equilibrium must involv
discontinuous footpoint mapping.2 Variants of VB’s argu-
ment have appeared in the literature in recent years.5,33 In
Ref. 33, it is proved that ‘‘simple’’ current sheets do n
exist in Parker’s model, but the authors do add the cav
that their proof does not hold for current sheets of ‘‘arb
trarily complicated geometries.’’ They then suggest that su
complicated geometries are ‘‘pathological’’ and unlikely
occur. We show below that the assumption of ‘‘simple’’ cu
rent sheets is over-restrictive, and excludes current shee
great physical interest that are neither arbitrarily complica
nor pathological.~Parker has made this point on a number
occasions by means of the ‘‘optical analogy.’’ See, for
stance, p. 200 as well as other references cited in Chap
and 8 of Ref. 8. See also the review by Low.6!

We first review a variant of VB’s argument discussed
Ref. 33.~Their proof is based on force-free MHD rather tha
RMHD, but this difference is not germane to our discussio!
Let us assume, as in Fig. 1, that there is a current sheet o
plane of the page. LetB1 be the magnetic field on the top o
the sheet, andB2 the field on the bottom. Note that, for
force-free MHD equilibrium, the current densityJ follows
the direction of the magnetic field. Consider a pointP on the

FIG. 1. Two field lines 1 and 2 connecting two pointsP and Q from z
50 to z5L on either side of a simple current sheet on the plane of the p



tic

he

o
e

en
th
u

no

ic
in

u

fo
e

on
re
r

pl
ti

f

to
u

n
op
an
cu

e
g

es
f
yp

g
n
nes

ity

hat

r

4032 Phys. Plasmas, Vol. 5, No. 11, November 1998 C. S. Ng and A. Bhattacharjee
current sheet atz50. On the top of the sheet, a magne
field line starting from a point infinitesimally close toP con-
nects to a point atz5L infinitesimally close to a pointQ on
the current sheet. Label this field line 1. Consider anot
field line 2 which connects points infinitesimally close toP
and Q on the bottom of the sheet. Since the footpoint m
tions on the boundary are smooth, field lines 1 and 2 conn
points that are infinitesimally close initially atz50 and z
5L, and continue to be so for all times. Since the curr
flows entirely along the current sheet and never leaves it,
current path on a finite and singly connected sheet m
close.33 HencerB•dl50 for any loop that lies on top or on
the bottom of the sheet~but does not cross the sheet!. We
now take a path integral around a closed loop on the top
the sheet extending fromP to Q along 1 and fromQ to P
along 2~although the magnetic field on top of the sheet is
parallel to the path 2!. We obtain

R B•dl5E
1
B1~ l !dl2E

2
B1~ l !•B̂2~ l !dl50, ~16!

where B̂ is the unit vector in the direction of the magnet
field. Similarly, the path on the bottom of the sheet extend
from P to Q along 2 and back toP along 1, yields

R B•dl5E
2
B2~ l !dl2E

1
B2~ l !•B̂1~ l !dl50. ~17!

Since the magnitude of the magnetic field is continuo
across the current sheet, that is,B1( l )5B2( l )[B( l ), we add
Eqs.~16! and ~17! to obtain

E
112

B~ l !@12B̂2~ l !•B̂1~ l !#dl50. ~18!

Since the integrand on the left-hand side of Eq.~18! is al-
ways positive, the integrand itself must vanish in order
the integral to vanish, which implies that there cannot b
net current inside the sheet.

The validity of the argument given above relies
strong assumptions regarding the geometry of the cur
sheet. We demonstrate below that the argument fails fo
current sheet with a geometry less trivial than the sim
geometry imagined in Fig. 1. In Fig. 2 we show schema
cally a current sheet of theY type in which two branches o
the sheet are joined along the lineIJ. The field line 1 on the
top of the front sheet intersects the lineIJ, while the field
line 2 on the bottom with end points infinitesimally close
P and Q remains to the left of that line and does not c
through it. Now, although Eq.~16! still holds, Eq.~17! does
not since the loop on the bottom will cut through the curre
sheet and thus allow a net current to flow through the lo
Therefore, Eq.~18! does not apply and the magnetic field c
change direction across the current sheet, allowing a net
rent inside.

The current sheet topology shown in Fig. 2 is a thre
dimensional generalization of the current sheet spanninY
points commonly seen in two-dimensional~2-D! MHD. For
instance, during the nonlinear evolution of the ideal coal
cence instability, theX-point structure in the initial stage o
island coalescence can evolve into a structure of the t
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shown in Fig. 3. The two separatricesABCD and EFGH
make contact with each other over a surface~referred to as
the contact surface! bounded by the two curves connectin
points I andJ. Following through with the argument give
in the last paragraph, we can show by considering field li
1 and 2 between the pointsP andQ that Eq.~18! does not
hold. Note that field lines near the pointI alongEH diverge
along the lineFG, and field lines alongAB converge near
the pointJ. Therefore the region of strong current dens
which lies alongAB on thez50 plane, turns asz increases

FIG. 2. Two current sheets making contact along the lineIJ, with two field
lines similar to those in Fig. 1 on either side of the front sheet. Note t
only line 1 crossesIJ.

FIG. 3. Two separatricesABCD andEFGH make contact with each othe
over a surface bounded by two curves connecting the two end pointsI and
J. This contact surface is in alignment with the lineAB nearz50, and with
the lineFG nearz5L so that its orientation is twisted byp/2 alongz. Two
field lines similar to those in Fig. 2 are shown on the sheetAIJD.
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and lies alongFG on thez5L plane. Thus the contact su
face is aligned with the lineAB near the pointI , and with the
line FG near the pointJ. This is a feature seen in the nu
merical simulations discussed in Sec. IV.

The tendency of the system to evolve to a singular n
equilibrium state suggests that the ‘‘fields are condemn
like Sisyphus, to an ‘eternity’ of activity.’’34 This interesting
analogy appears to contradict our physical intuition that
system should somehow eventually relax to a smooth e
librium. We remark that the seeming inability of the syste
to find a smooth relaxed state is a consequence of const
ing the dynamics by the ideal MHD equations for all time
Inevitably, as the current sheet becomes very intense,
h¹'

2 A term will become comparable to other terms in E
~2! for even very small but nonzero values ofh. If this oc-
curs at timet~h! @where t(h→0)→` for an infinite-time
singularity#, slippage due to resistivity will intercede and r
connection will take place. Then magnetic field lines can
broken and the footpoint mapping can change without
motion of footpoints on the boundary. In the limith→0, the
current layers will grow increasingly singular due to helicit
conserving reconnection35,36 but preserve the smoothness
the footpoint mapping, as suggested in Ref. 36. Eventua
the footpoint mapping will be simplified sufficiently by re
connection, so that the active system can relax to a stable
quiescent equilibrium.~It can then escape the mythical cur
of Sisyphus to find rest, albeit short-lived.! The cycle of
footpoint motions and strong current intensification can th
be repeated all over again.

IV. NUMERICAL SIMULATIONS

We have carried out some numerical simulations
Parker’s model using the RMHD equations~1! and~2!, with
periodic boundary conditions inx' . The latter enable us to
use a pseudospectral method. We impose line-tied boun
condition on thez50,L planes and use a finite differenc
scheme alongz. For comparison, we also present some 2
examples, obtained by taking theL→` limit of three-
dimensional~3-D! cases. The highest numerical resolution
2563256 for 2-D cases, and 64364316 for 3-D cases. As
estimated in Ref. 5 and discussed in Sec. I, it is extrem
difficult to distinguish between a truly singular nonequili
rium and a smooth equilibrium with very thin current laye
especially at this level of spatial resolution. However, su
simulations are still useful because they help establish s
qualitative trends of the dynamics in the low-dissipati
limit.

We first report the results of computer runs for the id
coalescence instability in 2-D as well as in 3-D line-ti
geometry. The initial condition is14,37

A0~x,y!5Ā sin~2px!sin~2py!, ~19!

with Bz equal to unity. For the 2-D MHD equations, that i
Eqs. ~1! and ~2! with ]/]z50, it has been shown37 that the
static equilibrium~19! is always unstable to the ideal coale
cence instability. In an ideal plasma, as the two islands t
to merge, the initial angle~with respect toy) between two
separatrices that intersect at theX point tends to decreas
-
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sharply, and a current sheet spanningY point tends to form
in an ideal saturated state. In practice, however, the effec
finite resistivity ~either numerical or physical! causes mag-
netic reconnection, and the two islands coalesce to form o

Unlike the 2-D case, the 3-D line-tied case with the in
tial state prescribed by Eq.~19! is not always unstable. Whe
deformed by a constant footpoint drive@Appendix A, Eq.
~A3!#, the condition for instability is 4p2ĀL.10.81.5,14 Af-
ter an instability is triggered, the dynamical evolution ofA
exhibits strongz dependence. By examining the projection
the level surfaces ofA nearz5L/2, we find that this middle
region evolves in a manner very similar to the 2-D case. T
is not surprising since nearz5L/2 the]/]z terms in Eqs.~1!
and ~2! are very small. By simple order-of-magnitude es
mates, with]/]z;1/L, ¹';k, A;Ā and f;f̄, we find
that the condition

k2ĀL@1 ~20!

can be easily satisfied when the instability conditi
4p2ĀL.10.81 holds. Under these conditions, the syst
will tend to be weaklyz dependent in the middle region an
show a pronounced tendency, as in 2-D, to develop cur
sheets. However, near the two end plates, the dynamic
qualitatively different from that in the middle region. In pa
ticular, the]/]z terms tend to be much larger at the plat
due to the imposed boundary conditions. Thus the curr
layer that develops in the aftermath of the instability viola
Eq. ~3! and is neither in equilibrium nor appears to be ten
ing towards one.

Current layers can, of course, form in Parker’s mod
without the mediation of the coalescence instability. Su
layer structures have been seen in a number
simulations.38–40 In our own 3-D RMHD simulations, such
current layers can be easily obtained by applying cons
footpoint motions prescribed by the stream functio
f(x',0)50, f(x' ,L)5f0(x') which do not satisfy the
condition@f0 ,¹'

2 f0#50 and are small enough that the sy
tem has time to relax to a quasiequilibrium state during
footpoint motions. Figure 4 shows the contours of curre
density J for z50, L/4, L/2, L after a period t5t1

'118.5 with a constant footpoint drive~with root mean
square velocity'0.004 94 onz5L). In these simulations
the viscosityn is chosen to ben50.01 and the resistivityh is
set to zero; however, numerical resistivity is unavoidable d
to the finite size of the spatial grid. In Fig. 4 we can ident
two principal current layers in the periodic simulation bo
The maximum and minimum values ofJ in the four cross-
sections~a!–~d! are roughly the same, indicating that th
system satisfies Eq.~3! and is nearly in equilibrium. The
footpoint mapping at the same instant of time is shown
Fig. 5~a!@5~d!#, showing the deformation of the grid atz
50 @z5L# from an initial, equally spaced square grid atz
5L @z50#. The mapping obtained from Eqs.~4! and~5! at
z5L/4 and z5L/2 are also shown in Figs. 5~b! and 5~c!,
respectively. Note that the current layers tend to occur at
sites where the mapping is most severely distorted.

We focus on the equilibrium in Fig. 4 because it
roughly at marginal ideal stability.~We say roughly becaus
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it is difficult to determine sharply a marginally stable equ
librium in a numerical experiment.! An equilibrium obtained
from the same footpoint motion fort,t1'118.5 can be
shown to be stable by the magnetic relaxation method. T
is done numerically by settingf(x)50 instantaneously a
the end of short intervals of time during the entire relaxat
process@keeping the boundary conditionf(z50, L)50
fixed#. The equilibrium is seen to relax to a state very clo
to the initial state, indicating that the initial state is a sta
equilibrium.

In contrast, we find it is much more difficult to obtai
such equilibria fort.t1'118.5. In this case the current de
sity nearz5L/2 increases faster with time than it does ne
z50, L, which we interpret as signatures of nonequilibriu
In Table I we present numerical evidence in support of t
interpretation. We show that ast increases, the maximum o
the current densityJmax over the whole space~second col-
umn! becomes increasingly larger thanJmax 0, the maximum
current density over thez50 plane~third column!. ~If the
system were approaching equilibrium,Jmax andJmax 0 would
tend to be the same.! We also quantify the departure from

FIG. 4. Contour plots of current densityJ for 2-D cross sections at~a! z
50, ~b! z5L/4, ~c! z5L/2 and~d! z5L, after a periodt5118.5 of constant
footpoint drive. Maximum and minimum current density areJmax'9.9 and
Jmin'29.5 for all z.

TABLE I. Some values ofJmax, Jmax 0, ^q2&, ^d2&, qmax anddmax at four
instants of time beyond the threshold of marginal stability in the numer
simulation.

t Jmax Jmax 0 ^q2& ^d2& qmax dmax

118.5 9.9073 9.8551 0.2326 0.000 279 7.946 0.70
131.6 16.477 10.855 0.9302 0.002 377 16.04 2.27
145.6 28.278 14.621 4.3611 0.1471 32.937 5.99
150.5 35.265 16.41 21.984 13.486 83.387 79.00
is

n

e
e

r
.
s

equilibrium by calculating the quantityq[]J/]z1@A,J#. In
particular,^q2& ~fourth column! denotes the integrated ave
age ofq2 over a unit cell andqmax ~sixth column! denotes its
maximum magnitude over space. The values of both th
quantities at four instants of time are shown in Table I, a
exhibit a clear trend of increasing departure from equilibriu
~that is,q50) for t.t1'118.5. Also shown in Table I are
the mean square~fifth column! and maximum values of the
quantityd[q1n¹'

2 V. The two terms on the right-hand sid
of d tend to cancel each other~except at the timet5150.5
when a numerical instability develops and invalidates
simulation!. This cancellation is consistent with Eq.~10!.

The observed numerical trends suggest that when
equilibrium becomes unstable, the system does not tend
second magnetostatic equilibrium by relaxation. In Fig. 6
show the contour plots ofJ at t5150.5. If we induce mag-
netic relaxation on any intermediate state within the tim
interval separating Figs. 4 and 6, we find that the curr
layers become progressively thinner without showing a
tendency of reaching a saturated width.~Qualitatively similar
numerical results have been reported recently in Ref. 1!
For longer times, the instability is so strong that the localiz
vortical flows grow to large values in a short time, and ev
the exercise of settingf(x)50 repeatedly at frequent inter
vals of time does not appear to move the system in the
rection of an equilibrium. Eventually the current layers b
come so thin that they cannot be resolved numerically
the run terminates with a numerical instability.

It is our interpretation that similar physical instabilitie
are also present in the simulations40 obtained by random
footpoint motions. The current layers in Ref. 40 do not a

FIG. 5. Footpoint mappings at the same cross sections and the same ti
in Fig. 4, showing that the current layers of Fig. 4 are located where
mapping is most distorted.

l
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pear to be in equilibrium, since the current density is mu
stronger nearz5L/2 than it is nearz50, L.

In summary, we find by numerical simulation that cu
rent layers can be realized in a stable equilibrium easily
steady or random footpoint motions. However, such curr
layers can be driven unstable if the footpoint motions exc
a threshold. When that occurs, it appears impossible to a
a second magnetostatic equilibrium, and the current lay
continue to grow more intense and thinner until we reach
limit of spatial resolution in our computations. We sugge
that the system approaches nonequilibrium with curr
sheet~s!, consistent with our analytical results in Sec. III. Du
to limitations of numerical resolution, we cannot provid
conclusive evidence that the scaling of terms, prescribed
Eq. ~10!, is indeed satisfied in our simulations.

V. 3-D CURRENT SHEETS WITHOUT NULLS OR
CLOSED FIELD LINES

It is well known that current sheets can occur in syste
with easily identifiable magnetic separatrices such as clo
field lines, nulls orX-type neutral lines.~See, for instance
Ref. 41 and other references therein.! One of the challenges
posed by Parker’s model is that it does not have such ea
identifiable separatrices. Yet the analytical and compu
tional results presented above demonstrate that nonequ
rium with current sheets can and do occur in Parker’s mo
What criterion should we use to track the current sheet
models ~such as Parker’s! where field lines have finite
length, do not close on themselves and do not appea
develop nulls? The answer to this question has signific

FIG. 6. Contour plots of current densityJ for cross sections at~a! z50 with
Jmax'16.4, Jmin'212.3, ~b! z5L/4 with Jmax'25.4, Jmin'215.1, ~c! z
5L/2 with Jmax'34.5, Jmin'215.7 and~d! z5L with Jmax'15.7, Jmin

'211.9, showing nonequilibrium with stronger current layers than thos
Fig. 4, after a periodt5150.5 of constant footpoint drive.
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implications for the geometry and dynamics of magnetic
connection in 3-D astrophysical plasmas.42–46

For an ideal fluid, we define the field line velocityv
5¹F3B/B2 for a scalar functionF which is constant along
a magnetic field, that is,B•¹F50. Following Greene,23 we
define the ratel of amplification of the velocity by the rela
tion

l5
1

2B
B•¹ ln~Bv2!5

1

2B
B•¹ ln~ u¹Fu2/B!. ~21!

The advantage of this definition is that it mimics the conc
of the Lyapunov exponent in nonlinear dynamics, and can
useful for systems in which field lines have finite lengt
Note thatl tends to infinity at magnetic nulls, but as w
show below, that is not the only way thatl can become
singular.

The inverse of any of the two mapping function
X(x' ,z) and Y(x' ,z), or a suitable combination of both
can be chosen to be the functionF. In Fig. 7 we show con-
tours ofl for the state depicted in Fig. 6.@These contours are
generated from the root mean square ofX(x' ,z) and
Y(x' ,z).# Note thatl can become extremely large if th
mapping becomes very distorted. It is clear by inspection
Figs. 6 and 7 that the regions of strong current density
tracked reasonably well by the contours ofl. The velocity
amplification is large in these regions, suggesting that t
are the likely sites for the onset of reconnection. We no
however, that not all regions of highl ~or high distortions of
the mapping! are necessarily regions of high current dens
~as can be seen, for instance, by a close comparison of F
6~d! and 7~d! @or 5~d!#!. Two families of neighboring field

n

FIG. 7. Contour plots ofl(x,y,z) ~see text for definition! for cross sections
at ~a! z50, ~b! z5L/4, ~c! z5L/2 and~d! z5L at the same time as Fig. 6
showing the location of the region of velocity amplification which is large
where the current layers are strongest.
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lines, pointing in the same direction but diverging away fro
each other can contribute, for geometrical reasons, t
strong distortion of the mapping, but they do not necessa
create regions where the current density is high or field li
can reconnect. In view of this, we suggest that the
bounded growth ofl is a necessary but not a sufficient co
dition for current singularities.

VI. CONCLUSION

Based on the RMHD equations in the ideal limit, w
have shown that in Parker’s model of the solar corona, th
is at most one smooth equilibrium for each smooth footpo
mapping. A smooth stable equilibrium may remain smo
but become unstable when driven by footpoint motions
yond a critical threshold. When that occurs, there is no s
ond smooth equilibrium that the system can relax to. Inste
the system must relax to a nonequilibrium state with curr
sheet~s! ~although it may take the system infinite time to d
so!. We have also shown that such a nonequilibrium st
may indeed be a minimum-energy state, accessible by m
netic relaxation. We have considered the topological str
ture of such current sheets, and shown that they are not
ject to the constraints discussed by van Ballegooijen.2

We have relied on the reduced ideal MHD equations a
periodic boundary conditions to construct a proof of t
theorem stated in Sec. III~and proved in Appendixes B an
C!. We do not know if the theorem can be proved for the f
MHD equations, but suspect that it will hold. The numeric
results presented in Ref. 17 do not rely on RMHD orderi
but the qualitative conclusions are similar.

We have carried out some numerical simulations to
the principal theoretical conclusions arrived at in this pap
Although it is difficult to distinguish a true current singula
ity from a very thin but smooth current layer in numeric
simulations, we do observe that an unstable current la
shows a tendency to evolve towards a nonequilibrium s
with the current density growing much faster in the midd
region than near the two end plates. While limitations
spatial resolution do not allow us to obtain a specific scal
for the current sheet, we give some quantitative evide
indicating a clear trend towards nonequilibrium.

Finally, it is suggested that in 3-D plasmas witho
closed field lines or nulls, a necessary condition determin
the sites of current sheets is where the rate of velocity
plification, defined by Eq.~21!, becomes arbitrarily large in
the ideal limit.
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APPENDIX A: SOME PROPERTIES OF THE VAN
BALLEGOOIJEN EQUATION

We discuss the existence and uniqueness of solution
the van Ballegooijen~VB! equation~6! which, with appro-
priate boundary conditions, represents a two-point bound
value problem. These considerations are useful in our d
onstration of the theorem stated in Sec. III. Note that
theorem is concerned with the uniqueness of a smooth e
librium solution, given a smooth footpoint mapping. A
though the VB equation is used in our proof of this theore
the theorem neither assumes nor requires that the solutio
the VB equation be unique. In this section we discuss so
basic criteria for the existence and uniqueness~or nonunique-
ness! of solutions of the VB equation.

To be specific, we assume periodic boundary condit
in x' . Then,f andA can be written as

f~x,t !5(
lm

f lm~z,t !e2p i ~ lx1my!,

~A1!

A~x,t !5(
lm

Alm~z,t !e2p i ~ lx1my!,

where we have chosen the periods to be unity in both dir
tions, x and y, without loss of generality. Note that thi
periodicity in Eq. ~A1! is preserved by~1! and ~2! for all
times if the initial condition is periodic. Iff and A are
smooth functions, the sums in~A1! converge and can be
approximated, for any specified accuracy, by a finite num
of terms in the series. Using the Fourier components in
~A1!, we can formally rewrite the VB equation~6! ~at a
given time! as an infinite set of linear ordinary differentia
equations~ODEs!,

fa91Hab~z!fb81Kab~z!fb50, ~A2!

subject to the boundary conditionsfa(0) andfa(L), where
a or b indicates one Fourier index (l ,m), Hab(z) and
Kab(z) are matrices that depend on the given equilibriumA,
and the prime denotes derivative with respect toz.

Although Eq.~A2! comprises an infinite set of ordinar
differential equations~ODEs!, the solution can be approxi
mated up to any specified accuracy by a finite number
equations iff andA are assumed smooth. We can then
voke some mathematically rigorous results about bound
value problems involving a finite set of ODEs~cf. Ref. 47!.
In general, a solution of Eq.~A2! can be shown to exist, bu
whether it is unique or not depends on the matricesHab and
Kab . If a solution is not unique, there must be a nontriv
solution f̃a of Eq. ~A2! satisfying the boundary condition
f̃a(0)5f̃a(L)50. The existence of such a nontrivial solu
tion is sufficient to make the solution nonunique: iffa is a
solution of Eq.~A2! for the specified boundary condition, s
is fa1cf̃a wherec is an arbitrary constant. Since the tw
matricesHab and Kab are, in general, difficult to evaluat
and are actually part of the solution to the problem~for given
footpoint motion!, it is difficult to settle the question o
uniquenessa priori. However, in the simple caseA50 ~uni-
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form magnetic field!, the VB equation reduces to]2V/]z2

50 which has a unique solution,@f(L)2f(0)#z/L
1f(0), for anygiven f(0) andf(L).

The existence of smooth solutions of the VB equat
implies that a smooth equilibriumA(x,y,z,t) can always be
found for any footpoint motion. For example, if the footpoi
motion

f~x',0,t !50, f~x' ,L,t !5fe~x'!L, ~A3!

where@fe ,¹'
2 fe#50 is applied to a uniform magnetic fiel

which produces the identity mappingx'(L)5x'(0), asolu-
tion of the VB equation is

f~x,t !5fez, A~x,t !5fet. ~A4!

Note that a solution can be found for the VB equation eve
the equilibrium is unstable. The line-tied coalescen
instability,5,14 provides an example. When the footpoint m
tion fe5sin(2px)sin(2py) is applied, instability sets in when
4p2tL.10.81, but the occurrence of the instability does n
preclude the existence of smooth~but unstable! equilibrium
solutions of the VB equation even fort.10.81/4p2L.

Any smooth equilibriumÃ(x' ,z) satisfying Eq.~3! can
be produced, starting withA50, by applying the following
footpoint drive

f~x',0,t !50, f~x' ,L,t !5Ã~x' ,Lt !L. ~A5!

A smooth solution of the VB equation for the footpoint driv
~A5! is given by

f~x' ,z,t !5Ã~x' ,zt!z, A~x' ,z,t !5Ã~x' ,zt!t,
~A6!

which givesA5Ã at t51. Note that Eqs.~A3! and~A4! are
special cases of Eqs.~A5! and ~A6!.

APPENDIX B: EXISTENCE OF AT MOST ONE
SMOOTH EQUILIBRIUM FOR EACH FOOTPOINT
MAPPING

Before we discuss the proof of the theorem stated in S
III, we make three~provable! assertions about solutions o
the VB equation~6!. Since these assertions are used ext
sively in the proof that follows, we write them down at th
outset for ease of reference.

Assertion ~i!: Any smooth equilibrium can be con
structed by solving the VB equation, beginning from a u
form magnetic field and applying smooth footpoint motio.

This assertion can be proved by referring to Appendix
where we note that any smooth equilibriumA5Ã(x' ,z) can
be produced by solving the VB equation starting from a u
form magnetic field and applying the footpoint drive~A5!.

Assertion~ii !: Any solution of the VB equation, so co
structed, is reversible.

It is easy to show that if we apply the footpoint driv
~A5! on solution~A6! in reverse time fromt51 to t50, the
equilibrium A5Ã(x' ,z) will return to a uniform magnetic
field.

Assertion ~iii !: Any solution of the VB equation, con
structed from a smooth equilibrium with a smooth footpo
drive, is smooth.
if
e

t

c.

-

i-

,

-

t

The reader is referred to Ref. 2 for a proof of this ass
tion.

We now give a proof of the theorem stated in Sec.
The proof uses the method ofreductio ad absurdum. The
argument is developed in six steps which can be unders
by referring to the schematic diagram in Fig. 8:

~1! Start ~at t50) with an equilibriumU which contains a
uniform magnetic field and yields the identity mappin

~2! Obtain a smooth, unstable equilibriumF, with A

5Ã(x' ,z), by imposing a smooth footpoint driveD(t)
from t50 to t5t151. The passage fromU to F occurs
through a sequence of smooth equilibria@assertion~i!#
represented by the curveUBF, where the pointB rep-
resents a marginally stable equilibrium, obtained at
5tc .

~3! Assume thatF relax to a second smooth stateS with the
same footpoint mapping asF.

~4! Apply D(t) on S in reverse time fromt5t1 to t5tc .
The system will follow the pathSB8 which represents a
sequence of smooth stable equilibria.~Note that in Fig.
8, which is a two-dimensional schematic representat
of an infinite-dimensional space, the pointB lies on the
path marked by the solid line, whereasB8 lies on the
path marked by the dotted line.! That this can be done is
shown as follows.

The footpoint driveD(t) can be applied toU to generate
not only the smooth~but unstable! equilibrium F @assertion
~i!#, but if applied continuously for infinite time, it can als
generate a sequence of smooth~but increasingly unstable!
equilibria along the curveFF` . This sequence of unstabl
equilibria must then relax to the curveSS̀ which, by as-
sumption ~3!, represents smooth and stable equilibria.
continuity, we should also be able to produce the sa
branchSS̀ by solving the VB equation starting with th
equilibrium S and applying the footpoint driveD(t). It fol-
lows that we can applyD(t) on S in reverse time@assertion
~ii !# from t5t1 to t5tc to produce the branchSB8 of smooth
and stable equilibria.

~5! Continue further application ofD(t) in reverse time
along SB8. The path taken by the system depends,
principle, on two possibilities:~a! either the VB equation

FIG. 8. Schematic diagram for the proof of the theorem~Appendix B! that
there is at most one equilibrium for a given smooth footpoint mapping.
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has a unique solution for all times or~b! the solution
becomes nonunique at one~or more! point~s! along the
reversal path.

If ~a! is true, the system must follow a pathB8I , distinct
from the pathBU, and attain att50 the smooth equilibrium
I , described by the identity mapping. Since the initial stateU
is also described by the identity mapping, there must e
more than one smooth equilibrium for the identity mappin
We show below@after step~6!# that this contradicts the resu
proved in Appendix C. Hence the continuous curveSB8I
cannot exist, and application of the footpoint driveD(t) in
reverse time onS must bring it back to the stateU along
some path. This path must then intersect the original p
UB at some point. We make the natural assumption that
point of intersection is the marginal equilibrium pointB
~which now coalesces with the pointB8). The solution of the
VB equation must be nonunique at the pointB, which re-
quires us to consider possibility~b!.

In case~b!, application of the footpoint driveD(t) at b
in reverse time for2tc will bring the footpoint mapping
back to the identity mapping. Using continuous footpo
motions, we show below@after step~6!# that we can then
obtain an infinite sequence of equilibria, including one tha
infinitesimally close toU. Furthermore, although this infinit
sequence of equilibria correspond to the identity mappi
they are all distinct from the stateU which is a uniform
magnetic field. Once again, the result proved in Appendix
yields a contradiction because an equilibrium that cor
sponds to the identity mapping and is infinitesimally close
the uniform magnetic field cannot be smooth.

~6! The contradiction obtained in step~5! shows that as-
sumption ~3! cannot be sustained. In other words, t
second equilibriumS cannot be assumed to be smoo
Hence there is at most one smooth equilibrium for
given smooth footpoint mapping.

The contradiction of assumption~3! is key to this proof.
We discuss below this contradiction in more detail.

As discussed in step~5!, when we applyD(t) in reverse
time along the branchSB8, there are two possibilities:
(a) The VB equation has a unique solution

This implies that the VB equation has a unique solut
at every step of the reversal path. We apply the footpo
drive D(t) in reverse time onS along the curveSB8I back to
an equilibriumI with an identity mapping. Note thatI cannot
equal U because the uniqueness assumption preclude
Therefore there must exist another smooth equilibriumI with
A5A0Þ0 for the identity mapping. We now show that th
cannot be.

If A0 exists,A0(x,y,z) must be periodic inz with period
L. Since we also assume periodic boundary condition inx' ,
we can write

A0~x,y,z!5(
lmn

Almne
2p i ~ lx1my1nz/L !, ~B1!

where Almn are constants. Note thatnA0@m(x2 x̄),
m(y2 ȳ),n(z2 z̄)#/m2 is also an equilibrium solution for the
identity mapping betweenz50 andL for any integersn,m
st
.

th
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and constantsx̄,ȳ,z̄. Application of the footpoint driveD(t)
on these equilibria fromt50 to t1 will produce a continuum
of equilibria at t5t1 , all of which correspond to the sam
footpoint mapping asF andS. This, in turn, implies that the
solution of the VB equation forA0 is not unique which con-
tradicts our assumption. To see this, let us solve the
equation forA0 , subject to the boundary conditionsf(0)
5f(L)50. The trivial solution isf50. If there exist a non-
trivial solution, then the solution is nonunique~Appendix A!.
Such a nontrivial solutionf must satisfy

]f

]z
1@A0 ,f#5cx

]A0

]x
1cy

]A0

]y
1cz

]A0

]z
, ~B2!

for any constantscx ,cy ,cz . Direct substitution of Eq.~B2!
into the VB equation yields

S cx

]

]x
1cy

]

]y
1cz

]

]zD S ]J0

]z
1@A0 ,J0# D50, ~B3!

which ensures that any solution of Eq.~B2! must satisfy the
VB equation. Since the solutionA0 yields the identity map-
ping, we can show that a solution to Eq.~B2! can always be
found by writing f05f2cyx1cxy2czA0 wheref0 satis-
fies the advection equation for a passive scalar,

]f0

]z
1@A0 ,f0#50,

~B4!
f0~x',0!5f0~x' ,L !5cxy2cyx2czA0~x',0!.

Note that every solutionA0 that corresponds to a nonuniform
magnetic field and yields the identity mapping can be p
duced by applying the footpoint drive~A5! beginning with a
uniform magnetic field@assertion~i!#. We can then apply the
same footpoint drive in reverse onA0 till we return to the
uniform magnetic field and restore the footpoint mapping
the identity mapping@assertion~ii !#. However, the equilib-
rium we thus obtain will depend on the particular solution
f we start with, and on the values of the constantscx ,cy ,cz

in Eq. ~B2!. In particular, whenci→0, we should obtain a
smooth equilibrium that is infinitesimally close toA50 and
satisfies the identity map by continuity becauseA0 is as-
sumed to be smooth, and the process of reversing the f
point drive should be smooth as well@assertion~iii !#. The
result proved in Appendix C now yields a contradictio
ThereforeA0 cannot be smooth. In other words, the assum
tion that there exists a smooth equilibriumA0Þ0 satisfying
the identity mapping is not valid. Hence the continuo
curve SB8I does not exist, and application of the footpoi
drive D(t) in reverse time onS must bring it back to the
identity mapping~with uniform field U) along some path.
This path must then intersect the original pathUB at some
point. Since the solution of the VB equation must be non
nique at that point, we are required to consider the follow
possibility.
(b) The VB equation has a nonunique solution

As discussed in step~5!, we consider the situation whe
the marginally stable equilibriumB ~realized att5tc) is the
point of nonuniqueness.~Obviously tcÞ0 since att50, we
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haveA50 which yields a unique solution of the VB equ
tion.! Then, the application ofD(t) on S in reverse time will
returnS to U along the pathSBU.

Now let f1 be the solution~at t5tc) that leads to the
branch BF, and f2 be another solution that leads to th
branchBS. We can write

AF~ tc1dt !'A~ tc!1H ]f1

]z
1@A~ tc!,f1#J dt,

AS~ tc1dt !'A~ tc!1H ]f2

]z
1@A~ tc!,f2#J dt,

for a sufficiently small intervaldt ~which can be positive or
negative!. Then the differenceDf5f12f2 is a solution of
the VB equation att5tc , satisfying the boundary conditio
f(0)5f(L)50. Furthermore, any functionfc5f11cDf
is also a solution, wherec is an arbitrary constant. Hence w
can write

Ac~ tc1dt !'AF~ tc1dt !1cH ]Df

]z
1@A~ tc!,Df#J dt,

which is a smooth equilibrium for all values ofc and for
sufficiently smalldt. Note thatAc5AF if and only if c50.
Similarly, Ac5AS if and only if c51. Application of the
footpoint driveD(t) in reverse time for a time2tc will bring
the footpoint mapping back to the identity mapping. Using
different fc as the initial solution, we can obtain a co
tinuum of smooth equilibriaAc(t) @assertion~iii !#, with all
Ac(0) yielding the identity mapping but all distinct from th
case of the uniform magnetic field. In particular, whenc
→0, we should haveAc(0)→0 by continuity. But here again
the result proved in Appendix C yields a contradiction b
cause an equilibrium that corresponds to the identity m
ping and is infinitesimally close to the equilibriumA50 can-
not be smooth. HenceDf cannot be smooth if the VB
equation has a nonunique solution atB. Furthermore, any
second equilibrium produced by such a nonunique solu
cannot be smooth, which contradicts step~3! whereS is as-
sumed to be smooth.

In summary, consideration of both possibilities~a! and
~b! shows that the assumption of a smooth second equ
rium S cannot be sustained. Therefore we conclude that th
exists at most only one smooth solution for a footpoint m
ping connected continuously with the identity mapping. T
completes the proof of the theorem stated in Sec. III.

Before we conclude this Appendix, we make a few a
ditional remarks on the physical implications of our resu
Now that we have shown thatS cannot be a smooth equilib
rium, it must be a nonequilibrium state with current sheet~s!.
Since it is a singular state, we cannot apply the VB equa
to determine the consequences of the reverse footpoint d
D(t). However, the branchBSS̀ still exists and represents
sequence of nonsmooth states, obtained by relaxation f
the unstable branchBFF` .

The solution of the VB equation is nonunique at t
marginal stability pointB which is a bifurcation point48 for a
branch of unstable equilibrium~represented schematically b
the curveBFF`) and a branch of stable equilibrium~curve
BSS̀ ). While we agree with Ref. 48 regarding the occu
a
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n

b-
re
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s

-
.

n
ve

m

rence of such pitchfork bifurcations, the issue is whether a
result of such a bifurcation one obtains a branchBSS̀ of
smooth~and stable! equilibrium solutions. We propose that
the dynamics is constrained by the ideal MHD equations
topological change is forbidden, thenBSS̀ must be a
minimum-energy branch of singular, nonequilibrium sol
tions containing current sheets.

An analogy with Taylor’s model of turbulen
relaxation49 gives us further insight into the Parker problem
Taylor has shown that the force-free, axisymmetric equil
rium solution in a periodic cylinder, when unstable, can re
to a nonaxisymmetric solution. Note that although both
lutions are smooth in Taylor’s model, they are not connec
by ideal MHD dynamics. Taylor invokes a small but fini
resistivity h to permit change in the topology of field lines
He points out that ash→0, the field gradients must becom
very large. Therefore if the dynamics is constrained by id
MHD (h50), we expect that the magnetic field will tend
a singular state. Indeed, an ideal MHD plasma has an infi
number of topological invariants30,50 which enable, in prin-
ciple, the construction of such singular solutions. The int
vention of even a small amount of resistivity relaxes t
topological constraints imposed by ideal MHD, and enab
the relaxation process to find a smooth nonaxisymme
state.

APPENDIX C: EQUILIBRIUM WITH IDENTITY
MAPPING

For the theorem stated in Sec. III and proved in Appe
dix B, we have considered footpoint mappings that are c
nected smoothly to the identity mapping. The properties o
magnetostatic equilibrium with the identity mapping, i
voked in Appendix B, are the subject of this Appendix.

Assume that there exist a smooth equilibrium withA
Þ0 satisfying Eq.~3! with periodic boundary conditions an
the identity mapping fromz50 ontoL. We first show:

An equilibrium obeying the identity mapping cannot
independent of z, unless it is a uniform magnetic field.

We chooseL51 without loss of generality. Then we ca
represent the equilibrium by the Fourier series

A5(
lmn

Almne
2p i ~ lx1my1nz!,

~C1!

J5(
lmn

Jlmne
2p i ~ lx1my1nz!,

with constant Fourier coefficients andJlmn5(2p)2( l 2

1m2)Almn . In particular, we can chooseA00n50 ~for all n)
since they only contribute an unimportant function ofz.

Consider an equilibrium satisfying Eq.~3! with ]J/]z
5@A,J#50. ~HereA is a function ofx andy only.! ThenA
is analogous to the stream function of a steady, 2-D Eu
flow. Following a field line fromz50 to L is equivalent to
following the movement of a Lagrangian element of t
analogous flow. For each field line we can identify such
fluid element. Each element must travel along a contour
constantA. In order to preserve the identity mapping, all th
fluid elements which start their motion at the same time m
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return to their starting points simultaneously. For the iden
mapping, we cannot have a contour ofA which is an open
curve because that would require the direction in which
ery fluid element moves on the contour to change si
which is impossible unless every fluid element is at rest a
fixed point, that is,A50. Therefore all contours ofA must
be closed loops, and all the fluid elements must go aroun
loop at least once to return to their starting points. Now, t
loops with the same direction of rotation cannot be neighb
because the flow direction is discontinuous along the sha
border. Therefore the loops which correspond to differ
directions of rotation must form arrays ofX points. However,
since the mapping for anX point is not an identity mapping
we are led to a contradiction. Hence an equilibrium which
independent ofz cannot obey the identity mapping unle
A50 and the magnetic field is uniform.

By the demonstration above, we cannot haveAlmn50
for all nÞ0. Now considerA to be infinitesimally close bu
not identically equal to zero. We must haveuAlmnu!1 for all
l ,m,n. We also have

E A2d3x5(
lmn

uAlmnu2[c2!1, ~C2!

where the volume integral is over a unit cube. We will no
show:

If A is infinitesimally close but not identically equal t
zero, it cannot remain smooth as c→0.

We first give a plausible asymptotic argument. WithA
;O(c), we obtain]/]z;O(1) by Eq. ~C1!. Assume that
u]/]x'u;1/d. Substituting these orderings in Eq.~3!, we ob-
tain

d2;c→0, ~C3!

which means that the perpendicular length scale has to
to zero. Hence,A cannot be a smooth equilibrium.

The qualitative asymptotic argument given above can
made more precise. Definealmn5Almn /c. We then have

E S ]J

]zD
2

d3x5c2~2p!6(
lmn

n2~ l 21m2!2ualmnu2, ~C4!

and

E @A,J#2d3x5c4~2p!8(
lmn

U(
pqr

~p21q2!

3~ lq2mp!apqral 2p,m2q,n2rU2

. ~C5!

By Eq. ~3!, the two quantities on the left-hand sides of Eq
~C4! and~C5! must be equal. SinceA is smooth by assump
tion, we should be able to represent the right-hand side
Eq. ~C5! with a finite number of termsN. We obtain

~2p!2c2.
( lmnn

2~ l 21m2!2ualmnu2

N( lmn
N (pqr

N ~p21q2!2~ lq2mp!2 [ f ~N!Þ0.

~C6!

Equation~C6! implies that ifc→0, we must haveN→`. In
y
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other words, in the limitc→0, we need to sum over a
infinite number of Fourier terms. HenceA cannot be smooth
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