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Abstract
A highly symmetric Euler flow, first proposed by Kida (1985), and recently sim-

ulated by Boratav and Pelz (1994) is considered. It is found that the fourth order
spatial derivative of the pressure (pxxxx) at the origin is most probably positive. It is
demonstrated that if pxxxx grows fast enough, there must be a finite-time singularity
(FTS). For a random energy spectrum E(k) ∝ k−ν , a FTS can occur if the spectral
index ν < 3. Furthermore, a positive pxxxx has the dynamical consequence of re-
ducing the third derivative of the velocity uxxx at the origin. Since the expectation
value of uxxx is zero for a random distribution of energy, an ever decreasing uxxx
means that the Kida flow has an intrinsic tendency to deviate from a random state.
By assuming that uxxx reaches the minimum value for a given spectral profile, the
velocity and pressure are found to have locally self-similar forms similar in shape to
what are found in numerical simulations. Such a quasi self-similar solution relaxes the
requirement for FTS to ν < 6. A special self-similar solution that satisfies Kelvin’s
circulation theorem and exhibits a FTS is found for ν = 2.

On the singular blow-up of Euler,
I am an inveterate toiler;

I look near the null,
You may think this is dull,

But there’s no need to be such a spoiler!

1. Introduction
Consider the three-dimensional (3D) Euler equation

∂v
∂t

+ v · ∇v = −∇p, (1)

with the divergence-free condition ∇·v = 0. The self-consistent pressure
p must satisfy ∇2p = −∇ · (v · ∇v). An important question is whether
the solution of (1) can become singular in finite time for a smooth initial

1



2 C. S. Ng and A. Bhattacharjee

condition with finite energy. Some useful and rigorous constraints on
the nature of a possible finite-time singularity (FTS) have been estab-
lished (Beale, Kato & Majda 1984, Constantin 1994), but the singularity
has not been explicitly demonstrated in a mathematically rigorous way.
Recently, an analytical model has been developed for a highly symmet-
ric initial condition that exhibits a FTS (Bhattacharjee & Wang 1992,
Bhattacharjee, Ng & Wang 1995), with some assumptions which, though
physically plausible, have not yet been proved. These analytical results
suggest that if an initial state with symmetries that are preserved by
the Euler equation is considered, then the problem of demonstrating a
FTS becomes technically less difficult. Another motivation for choos-
ing highly-symmetric initial conditions is that they fix a geometry in
place for all times, and the hope is that such studies will help identify
geometrical sites where a FTS will tend to develop in less constrained
flows.

A recent numerical experiment has been performed (Boratav & Pelz
1994, 1995, hereafter, BP) on a highly symmetric initial flow, first pro-
posed by Kida (1985). The symmetries of the Kida flow are discussed in
Section 2. Due to the high symmetry, BP are able to do the simulation
with high spatial resolution (5123). Within the limits of the resolution,
BP report that the maximum vorticity scales as (tc − t)−1 as viscosity
becomes small. Pelz (1997) has also proposed a vortex filament model
in an effort to explain the simulation results. This model, although
based on strong assumptions, predicts a FTS which evolves in a locally
self-similar way near the origin. More recently, Pelz and Gulak (1997)
have performed additional numerical simulations on the Kida flow. They
calculate the Taylor series in time, sum the series using the Padé approx-
imation, and recover the FTS with a value of tc close to that found in
the simulations of BP.

Ng and Bhattacharjee (1996) have proposed a sufficient condition for
finite-time singularity of the Kida flow, based on analytical and numer-
ical evidence. One way to satisfy this condition is to require that the
fourth order spatial derivative pxxxx be positive at the origin and within
a finite range X for all time. If the range X actually tends to zero as
the singularity develops, a FTS can still occur if pxxxx grows rapidly
enough. In Section 3, it is shown that if pxxxx grows at least as fast
as X−2, there must be a FTS. It follows that, for a random isotropic
1-D energy spectrum E(k) ∝ k−ν , the condition for a FTS with growing
pxxxx can be satisfied with the spectral index ν < 3. This seems only
marginally satisfied in BP’s simulations where it is observed that ν ∼ 3.

In Section 4, we present statistical calculations, which suggest that the
pxxxx is very possibly positive at the origin for a random energy spec-
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trum. This is a remarkable result since without the Kida symmetries,
the expectation value of pxxxx should be zero everywhere. As discussed
below, this result has significant dynamical implications.

The positivity of pxxxx has the intrinsic dynamical effect of favoring
the development of a more coherent flow. In particular, the third order
spatial derivative of the velocity uxxx along the x-axis at the origin tends
to decrease by the action of a positive pxxxx. In Section 5, by assuming
that uxxx approaches the minimum allowed value for a given spectral
profile, a coherent state is found which is locally self-similar around the
origin. Furthermore, the velocity and pressure self-similar profile for this
state is found to be similar to those observed in BP’s simulations. The
development of such a quasi self-similar structure is evidence supporting
the realization of a FTS. Specifically, the requirement for the spectral
index is now relaxed to ν < 6 which appears to be consistent with
simulation data. A special self-similar solution that satisfies Kelvin’s
circulation theorem and exhibits a FTS is found for ν = 2. The time-
dependence of this solution is consistent with the filament model of Pelz
(1997).

2. The Symmetries of the Kida flow
The symmetries of the Kida flow have been discussed in detail by

Kida (1985). Here we build these symmetries into the representations
for v and p. The components of the velocity field v = (vx, vy, vz) can be
written as vx = u(x, y, z), vy = u(y, z, x), vz = u(z, x, y), where u can
be expressed in Fourier series,

u(x, y, z, t) =
∑
l,m,n

almn(t) sin lx cosmy cosnz. (2)

Here (l,m, n) are natural numbers which represent the three components
of a wave vector (l 6= 0). In order to satisfy the symmetries and the
condition ∇ · v = 0, the following conditions must hold:

(l,m, n) all odd or even; almn = (−1)lalmn;
C∑
lmn

almn = 0, (3)

where the last summation (denoted by C) is over all permutations of
any three natural numbers (l,m, n), i.e., lalmn+mamnl+nanlm = 0. By
(2) and (3), it can be seen that for x close to the origin, v = O(|x|3).
In particular, the initial state considered by both Kida (1985) and BP
is u0 : a1,3,1 = 1, a1,1,3 = −1, with all other terms set to zero. With u



4 C. S. Ng and A. Bhattacharjee

represented by (2), it can be shown that the pressure p is of the form

p =
∑
l,m,n

plmn cos lx cosmy cosnz, (4)

where plmn = (lAlmn + mAmnl + nAnlm)/(l2 + m2 + n2), with Almn
defined by

(v · ∇v)x =
∑
l,m,n

Almn sin lx cosmy cosnz. (5)

By (3) and (4), we know that plmn = pmnl = pnlm = (−1)lplmn. It is
easy to see that the time evolution equation,

ȧlmn +Almn − lplmn = 0, (6)

preserves the Kida symmetries, where an overdot denotes time deriva-
tive. Equation (6) and the mode-generation scheme provide a dynamical
mechanism for the excitation of modes in the small scales. From (1) and
(3), we find pxx(0) = −

∑
l,m,n l

2plmn = 0, where pxx(0) denotes the sec-
ond spatial derivative of p at the origin. This means that p = O(|x|4)
close to the origin and thus pxxxx(0) (hereinafter denoted simply by
pxxxx) is the first non-zero pressure derivative at the origin. Thus, the
quantity pxxxx has a special dynamical significance.

3. Sufficient condition for finite time singularity
Let us now consider the flow along the line y = z = 0. By (2), we

obtain vy = vz = 0, and vx = u =
∑
l,m,n almn(t) sin lx. Note that the

vorticity is also identically zero along this line. This leaves open the
possibility that the vortex singularity can happen infinitesimally close
to this line, since the non-zero vorticity outside this line can collapse
infinitesimally close to it. (This is similar to a type of FTS discussed by
Bhattacharjee, Ng & Wang 1995). From (1), we obtain

v̇x = −px =
∑
l,m,n

lplmn sin lx(t),= −pxxxxx3/6 +O(|x|5), (7)

where now the overdot denotes total time derivative along a fluid element
moving in a trajectory x = x(t) which is close to zero, with pxxxx =∑
lmn l

4plmn. Defining α ≡ ∂xvx, we obtain

α̇+ α2 = −pxx =
∑
l,m,n

l2plmn cos lx(t) = −pxxxxx2/2 +O(|x|4). (8)

Note also that for the initial flow, vx = α = 0 at t = 0 for all x. From
(8), we see that if pxx > 0 for all time, then α can become negative
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infinite in finite time due to the presence of the α2-term. Although this
is a rigorous statement, in practice, it is difficult to calculate pxx by
following a fluid element. Therefore, we seek alternative formulations of
this sufficient condition.

One possibility that can be shown to lead to a FTS is to assume
that there exists a range 0 < x < X(t) in which pxxxx(x) > 0 for all
time before a possible singularity appears. (Since we will later see that
pxxxx(0) is most probably positive for a general Kida flow, we exclude the
possibility that pxxxx becomes negative in finite time.) For the simplest
case, we assume that X(t) > C, where C is a finite positive constant
for all time (including t → tc). Since pxxx(0) = pxx(0) = px(0) = 0, it
follows from the assumption above and by simple integration from x = 0
that the quantities px(x), pxx(x), and pxxx(x) are also positive within
the range 0 < x < X(t). Then by (7) and the fact that vx(x, t = 0) = 0,
there exists a fluid element with the Lagrangian coordinate x(t) within
this range (0, C) that is always accelerating towards the origin x = 0.
However, since the condition vx(x = 0, t) = 0 is always maintained by
the symmetry of the Kida flow, the fluid element cannot pass through
the origin. The system resolves this contradiction by having the velocity
derivative α blow up in finite time, since the fluid element with finite and
increasing velocity is forced to go infinitesimally close to the point with
zero velocity (x = 0). This behavior is reflected in Eq. (8) according to
which α tends to negative infinity in finite time due to the presence of
the α2-term. If the time-dependence of α is determined dominantly by
the α2-term (or if the α2-term is of the same order as the pxx term), then
α→ (tc − t)−1 as t→ tc. Thus, under the assumptions discussed above,
we see that the condition pxxxx > 0 at the origin becomes a sufficient
condition for a finite-time singularity (Ng & Bhattacharjee 1996). This
is not a point condition because it is derived under the assumption that
there exists a range X(t) > C. Note that if we allow X(t → ∞) → 0
with a fixed value of pxxxx, it is possible that X(t) may shrink so rapidly
that it leaves behind any trajectory before a FTS can develop by the
above mechanism.

In the discussion above, we have not considered the relationship be-
tween pxxxx and X. In reality, they are related since X is a measure
of length scale and pxxxx is found by taking spatial derivatives which
should involve the inverse of the length scale. Let us assume the rela-
tion pxxxx = p0X

−(2+µ), where p0 is a positive constant. By this we
have also effectively assumed that pxxxx(x) is a smooth function within
−X(t) < x < X(t) with characteristic length of the order of X. It can
then be shown that:
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There must be a FTS for the case with µ > 0 for any smooth function
X(t) with continuous derivative and satisfying X(t 6= ∞) > 0, X(t →
∞)→ 0. (A)

To show Statement (A), let us first consider the case when the speed
−Ẋ(t) is a monotonically decreasing function for t > t̃ > 0 with some
constant t̃. By the above assumptions, we can find a finite constant
ε� 1 such that the Taylor approximation is good for 0 ≤ x ≤ εX(t) for
all time. Then we have, in this range,

v̇x ≈ −p0X
−(2+µ)x3/6. (9)

Consider a fluid element at x = εX(t) at time t such that X(t > t′ ≥
0) > x for all t′. Because of the initial condition vx(t = 0) = 0 and the
fact that this fluid element is always being accelerated toward the origin,
it must have a finite negative speed. Without affecting the argument,
we can treat this speed as very small compared with the speed −εẊ(t).
It will then take a time

∆t ≈ εẊ/v̇x ≈ −6Ẋ/ε2p0X
1−µ, (10)

for the element to be accelerated up to the same speed as −εẊ(t). The
position εX will still be very close to this fluid element during this time
period if

−εẊ∆t� x = εX. (11)

Since the magnitude of Ẋ(t) is monotonically decreasing for this case
and the fluid element is accelerating, εX(t) will never pass through the
fluid element at any later time. Therefore the fluid element will always
stay in a region in which it is always accelerated towards the origin.
Since it cannot pass through x = 0 by symmetry, a FTS must appear to
resolve the contradiction. By Eqs. (10) and (11), if the inequality

6Xµ/ε2p0 � X2/Ẋ2, (12)

can be satisfied in finite time with X(t) obeying the conditions stipulated
in Statement (A), then there must be a FTS. It is easy to show that this
is always possible when µ > 0. Since if this is not so, then we must have

XµẊ2/X2 ≡ f2(t) > f2
0 , (13)

for all t, where f0 is a finite constant. However, the solution to the
equation

Ẋ(t) = −f(t)X1−µ/2, (14)

with an always positive f(t) is

X(t) =
[
Xµ/2(0)− µ

2

∫ t

0
f(t′)dt′

]2/µ

, (15)
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which must become zero in finite time and thus violate the required
condition for X(t) in Statement (A). (For the case with µ ≤ 0, the above
argument does not go through and therefore a FTS does not necessarily
appear.)

It is possible to generalize the proof to the case with the speed −Ẋ
not monotonically decreasing. However, we will omit such a discussion
here since this would take up too much space. We remark that the total
time of such non-monotonic periods must be finite otherwise either a
FTS will appear or X goes to zero in finite time.

From the above discussion, we see that the value of pxxxx is very
important to the problem of FTS, especially when it is positive and grows
fast enough as the characteristic length scale of the system shrinks.

4. Positivity of pxxxx
We summarize here the results obtained by Ng and Bhattacharjee

(1996) that support a positive pxxxx. First, we need to introduce an in-
dependent set of modes un of the Kida flow such that any flow satisfying
the symmetries of the Kida flow can be expressed in the form

u =
∑
n

anun, (16)

where an are real constants. The choice of the set of independent modes
is not unique, but we will choose to work with the simplest possible
choice that each un consists only the Fourier modes of a given set of
three all odd or all even natural number (l,m, n) that satisfy (2) and
(3). All modes un are normalized to have the same energy.

The quantity pxxxx is a quadratic function of u, so we can write
pxxxx = P (u, u). For u expressed in (16), we obtain

pxxxx =
∑
n

a2
nP (un, un) +

∑
n

∑
m6=n

anamP (un, um) =
∑
n

∑
m

anPnmam,

(17)
where Pnm ≡ [P (un, um) + P (um, un)]/2. We now state a theorem:

For all the independent modes defined above, P (un, un) > 0.
The proof of this theorem, although straightforward, is quite compli-

cated and needs the help of computer programs such as Mathematica to
do the algebra, and thus is omitted here.

From (17) and by the theorem stated above, we see that the contribu-
tions from the self terms is always positive. Though this strengthens the
case for positive pxxxx, we need to consider the cross terms which cannot
be neglected in principle, and they can be positive or negative depend
on the sign of an. Let us first consider an example with two modes
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u = amum + anun, so that P (u, u) = a2
mPmm + a2

nPnn + 2amanPmn.
Note that the cross term between an odd mode and an even mode is
always zero. In order to have P (u, u) positive, it is sufficient to have
PmmPnn ≥ P 2

nm. This condition is not always true for any two modes.
However, it is also proved using Mathematica that

P 2
nm/PmmPnn → 0 as k2

m/k
2
n → 0, (18)

where km, kn are the wave number of the modes um, un.
Although (18) is an relation between two modes, it can have an im-

portant effect on pxxxx for a state with many modes. To see this pos-
sibility in a qualitative way, let us assume that the second term in the
right hand side of (17) includes positive and negative terms in a rather
random manner so that its magnitude is most probably within a range
defined by the standard deviation∣∣∣∣∣∣

N∑
n

N∑
m6=n

anamPnm

∣∣∣∣∣∣ ∼
 N∑

n

N∑
m6=n

a2
na

2
mP

2
nm

1/2

∼
N∑
n

a2
nPnn, (19)

where the second relation is obtained by assuming that PmmPnn ≥ P 2
nm

in the average sense because (18) holds for most terms in the double
sum for large N . This means that the magnitude of the second term
(which can be positive or negative) in the right hand side of (17) is
most probably of the same order of magnitude of the first term, which
is always positive. So the total of the two is most probably positive.

Although this is just a qualitative argument, it has been confirmed
in statistical calculations. This involves a Monte Carlo calculation of
pxxxx as defined in (17). The energy is distributed randomly in the
Fourier space according to a given energy spectrum of the form E(k) ∝
k−ν , filling up to N modes. In most of our calculations, we choose
ν = 3 which is the spectrum observed by BP near t ∼ tc. However,
the qualitative trends observed are not sensitive to variations in ν. In
Fig. 1, we plot the numerical values of η, the percentage of cases with
negative values of pxxxx as a function of N . A straight line fit of Fig. 1
gives η ∼ η0(N0/N)0.13.

The expectation value of pxxxx for a random flow can be calculated
directly without implementing the Monte Carlo method. In Fig. 2, val-
ues of 〈pxxxx〉 as a function of kN for different spectral indices ν are
plotted. Combined with another result that 〈X〉 ∝ k−1

N , where 〈X〉 is
the expectation value of the range of positive pxxxx in the x-axis, we
have 〈pxxxx〉 ∝ 〈X〉−(5−ν). By Statement (A) of the previous section, we
know that for the random model if ν < 3, we should have a FTS.
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Figure 1. The possibility η (in per-
centage) of negative pxxxx cases, as a
function of the number of modes N .

Figure 2. The expectational value
〈pxxxx〉, as a function of k2

N , for differ-
ent energy spectral indices ν

For a general periodic flow, the expectation value of the pressure
derivative 〈∂np/∂xn〉 should be zero for n ≥ 1 at all spatial point x.
The positivity of pxxxx at the origin of the Kida flow is therefore quite
a special case, which has important dynamical implications examined in
the next section.

5. Quasi self-similarity
So far, in establishing the positivity of pxxxx, only random statistics

are used. In reality, the flow may evolve in a much more coherent way. In
fact, BP’s simulations show that the flow pattern near the origin evolves
in a quasi self-similar way, which suggests a highly coherent state. In
this section, we will examine the possible dynamical consequence of a
positive pxxxx, and how it can increase the probability of FTS formation.

Let us define uxxx to be the value of ∂3u/∂x3 at the origin. By (7) or
(8), we obtain

u̇xxx = −pxxxx. (20)

This is the first and simplest dynamical equation involving pxxxx. We
immediately see that this equation tends not to favor a random state
since we have already establish that 〈pxxxx〉 > 0, over all random states.
For an initial state with uxxx = 0, it is therefore reasonable to expect that
uxxx will be negative for all time. Thus the true dynamics of the system
tends to follow a path that is different from the random path because
in the latter 〈uxxx〉 = 0 (This is because uxxx is a linear function of the
amplitudes.)

Based on the above considerations, we make a drastic assumption:
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During the dynamical evolution, after a certain initial transient time,
the energy is distributed among the Fourier modes such that uxxx is very
close to its minimal value (maximum in magnitude) for a given energy
spectral profile.

Note that this assumption has not constrained the shape of the spec-
tral profile. To simplify the discussion, we only consider spectral profiles
characterized by two parameters: a spectral index ν so that the isotropic
energy spectrum is given by E(k) ∝ k−ν up to a sharp cut off wave num-
ber K. Although a sharp cut off is physically unrealistic, this can be
used to approximate the limit of a fast decay of spectral energy for high
wave numbers. Note also that if K → ∞ in finite time, then we must
have a FTS. Furthermore, if this happens, ν has to be small enough
such that the maximum vorticity and the stress tensor elements tend to
infinity (Beale, Kato & Majda 1984). For a given spectral profile, it is
straightforward to find the minimum uxxx state. Note that because of
the Kida symmetry (3), only the even modes contribute to uxxx.

It is not hard to see that the flow will be locally self-similar around
x = 0, since a minimum uxxx state implies definite correlation among
the Fourier amplitudes. Fig. 3 plots ux of the minimum uxxx state as
a function of x (in unit of π) for 26 different N from 107 to 132330,
rescaled to the coordinate of the plot of N = 107 to show local self-
similarity. We use ν = 2 in these plots, but the profiles for other ν are
in similar shape. Also plotted on Fig. 3 are the rescaled simulation data
of BP at (�) t = 1.5 and (∗) t = 2 (∼ tc). Similarly, Fig. 4 plots the pxxxx
profiles of the minimum uxxx states, for N from 107 to 1624, rescaled to
the coordinate of the plot of N = 107, with simulation data overplotted.
The agreement between the simulation data and the self-similar profile
of the minimum uxxx state appears to be reasonably good.

For a minimum uxxx state, it is straightforward to estimate that
uxxx ∝ −K(10−ν)/2, and pxxxx ∝ K8−ν . By Statement (A) in Sec-
tion 3, the condition for FTS is relaxed to ν < 6, which appears to be
quite easily satisfied, and is, in fact, consistent with the numerical re-
sults of BP. Moreover, the flow should develop a quasi self-similar form
v(x) ≈ K(4−ν)/2V(Kx) for a constant ν. Since this form is so restric-
tive, we can actually determine the value of ν by making use of global
dynamical constraints (since it may not be possible to find self-similar
solution satisfying the equation of motion for any ν). Let us consider
the constraint imposed by the Kelvin’s circulation theorem:

∮
C

v · dr = constant, (21)
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Figure 3. Plots of ux vs. x of the
minimum uxxx state for N from 107
to 132330, and simulation data of BP
at (�) t = 1.5 and (∗) t = 2, rescaled
to the plot of N = 107.

Figure 4. Plots of pxxxx vs. x of the
minimum uxxx state for N from 107 to
1624, and simulation data of BP at (�)
t = 1.5 and (∗) t = 2, rescaled to the
plot of N = 107.

where C represent any close loop transported by the fluid. Substituting
the self-similar form into (21), we obtain,

K(2−ν)/2
∮
C

V(R) · dR = constant, (22)

with R ≡ Kr. Note that the loop C is being transported by the field
according to the relation Ṙ = K(8−ν)/2[V(R) + cR], where we have
used K̇ = cK(8−ν)/2 for 1 < ν < 8 with some positive constant c. Any
quasi self-similar solution with a profile V(R) has to satisfy (22), besides
satisfying (1) of course. This is a strong restriction on the flow. One
special solution of (22) is simply obtained by choosing ν = 2. This
automatically makes the coefficient in (22) constant. To ensure that
the loop integral remains constant also, we can choose a profile function
V(R) that all the vorticity concentrate into vortex filaments. Therefore
the integral for any loop that does not contain one or more filaments
is zero, and for any loop that does the integral has a definite value.
Moreover, the values of these integrals will not change in time. For such
a quasi self-similar flow with ν = 2, we obtain,

v(x) ≈ KV(Kx), K ≈ [K−2
0 −Ct]

−1/2, α ∝ K2, uxxx ∝ K4, pxxxx ∝ K6.
(23)

All the scaling relations (23) agree with the results of the filament model
of Pelz (1997). Note that the velocity tends to blow up in finite time.
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6. Summary
We have shown that the Kida flow has a distinctive property that

pxxxx at the origin is most probably positive, which provides an intrinsic
tendency for the flow to develop a more organized state by decreasing
uxxx. By simply assuming that it actually goes to the state with min-
imum uxxx, we have found a quasi self-similar flow profile that agrees
reasonably well with the simulation data. For a random energy spec-
trum E(k) ∝ k−ν , it is found that the condition for the development of
a FTS is to have the energy spectral index ν smaller than 6. By means
of the Kelvin’s circulation theorem, a simple local self-similar solution
is found for ν = 2 with vortex filaments.
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