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Recent results on determining the spatial profile of the emission source distribution from a cyclotron
mode conversion layer are extended to the five branch wave coupling case which occurs when the
X-mode is coupled to the O-mode. A variational problem for an inhomogeneous source is
formulated and solved. Computations demonstrate that the basic features, including a highly
localized emitter, are generally similar to those of the three branch mode conversion

problem. © 7995 American Institute of Physics.

Recent developments in mode conversion theory as ap-

nlmd to snontaneous emission from mhnmngpnpmmlv mag-
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netized plasmas,'* allow one to construct, by regular analyti-
cal procedures, a spatial emission source distribution from a
cyclotron layer? Besides obvious theoretical interest, the
problem of the source distribution has clear application to the
precise location of the region of the most intense cyclotron
emission from magnetic fusion devices and space plasmas.

In a previous paper,” two fundamental points, namely the
Generalized Kirchhoff’s Law (GKL)'?

Ep=Algp, k=123, (1)

and the principle of maximum of blackbody radiation, Iz,
have led, through a variational analysis, to the exact relation
between a distributed absorber and an inhomogeneous emit-
ter,

3

s(2)=w(z) X, o, ¥F. | @)

k=1

In Eq. (1), E; and A, are, respectively, emitted and absorbed
power on the wave branches representing the k-th propagat-
ing solution of the basic three branch, fourth-order tunneling
equation with localized absorption

H)Yy=h(2)¥, VY=L, @3)
where the operators .% and 27 are defined as
4 2 . 42 '
iZ“(z)=zi—Zq+)\2z E;+x2z+y, =Tt ey

with A2>0 and y #— 1 both real, the wave function i is
proportional to the transverse component of the electric field,
and the imaginary part of the function A(z) is responsible for
cyclotron absorption and related to the absorption function
w(z) in Eq. (2) by Jh(z)=meN’w(z)>0. The parameter
e=1—exp(—27), where 7=m|1+ y|/2\? is the tunneling
parameter. Equations (3) and (4) represent the simplest sys-

tem of mode conversion with absorption that models a vari-.

ety of physical situations [ion Bernstein wave and Alfvén
waves coupling at w=~2w,;, electron Bernstein wave and
pure X-mode (w=~2w.,), and others]. The spontaneous
emission distribution function s(z) is an inhomogeneous
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source term in the absorption—emission equation with radia-
tive boundaryv conditions (outeoine waves nnlv\
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H2)p(z)=h(z) D+ s(z). 5

It is clear from the GKL that given h(z), s(z) is not arbi-
trary. Moreover, it has been proved® that a distributed emitter
is completely determined by the absorber through Eq. (2).
The coefficients c; are found from the GKL combined with
the condition that the radiated power be maximized. Explicit
computations performed at typical plasma parameters have
demonstrated a number of qualitative differences between
local emission and absorption profiles relative to those in the
absence of mode conversion. In particular, a strong tendency
for distributed emitters to be more highly localized than ab-
sorbers has been established in addition to a systematic shift
of the maximum.

It is important to note that while the three branch mode
conversion problem describes fast wave—slow wave cou-

-pling, it does not take into account the coupling between

different types of fast waves which can coexist in the system.
The problem in which both kinds of coupling take place is a
five branch problem (two distinct fast waves propagating in
either direction, and a slow wave propagating in one direc-
tion), and it has been shown? that any mode conversion prob-
lem in a linearly inhomogeneous magnetic field can only be
gither a three branch or a five branch problem. In general, the
GKL is still represéntéd by Eq. (1) but with k=1,...,K,
where K, the number of branches, is equal to 3 or 5. In this
paper, we extend results obtained previously for three-wave
coupling® to the five branch problem. The generalization is
not obvious since even in the simplest cases of five branch
coupling (counterpropagating X-mode and O-mode and an
electron Bernstein wave near the second or third electron
cyclotron harmonic) the structure of the governing equation
turns out to be much more complicated. The wave equation
is still of the general form of Eq. (3), but the differential
operators'in Eq: (3) are now higher order: )

v d6 2 : .
Hlz =d—26+)\22.@+ ’)lz’cTZI-i_ Yo, (che)’ (6)
8 6 d?
K= 8+76F —2\4 7,f+'yqd—w+’)’o, (Bwee),
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where the operator & is now given by

A , 42

y=2;4—+(1+k0)3?+k0. (8)
All constants in Eqs. (6)—(8) are dimensionless combinations
of the electron density, #,, temperature, T, , resonant mag-
netic field, Bg, scale length of variation of the magnetic
field, L, and the paralle] wave number k”, Below, we will
develop an inhomogeneous source for the X-mode~O-mode
coupling case near 3w,, where the absorption problem de-
scribed by Egs. (3). (7), and (8) has been considered and
scattering parameters given.*

Defining the functional

Plf.gl=g " f*—g' O f'*
+ g P+ RS I* + k" 1= kg
+ys{g M — g WL+ k" + ki *]
+kog" [ *}+ (8" * + kg f*)
+yolglf " (1 +E) ¥ ] =g [ —ee, )

we note that P[f.f] is the energy flux which is a conserved
quantity for the equation without absorption, ¥ f=0, and
when absorption is present, the jump of P[ ¢, ,¥,] is a mea-
sure of the absorption on the k-th branch. Furthermore, the
functional of Eq. (9) is related to some of the most important
quantities in the source development—the matrix elements
representing the scalar products®

o0

g=(U )= [ wovr v @az=gh, (10

of solutions of the adjoint to Eg. (3). Indeed, from Egs. (3),
(7)~(10) one may obtain

2mintg, = f :[;/z/f,.*][ 7))z~ c.c.

=J°° dP[ ;. 4]

T & dz, (1)

so that g;; is proportional to the jump of the functional
P[4 ,4;], and the diagonal elements represent power ab-
sorbed fractions. g;; can be calculated from the scattering
parameters—transmission (T;), reflection (R;), and conver-
ston coefficients (C,;)—using asymptotic expressions for
linearly independent wave solutions ¢; .* Straightforward but
tedious analytical computations give

5
8,‘,:2 (80— SES i) ar, (12)
k=1

where S=|/5;,}l is the matrix of scattering parameters,

Ry, T, Ci3 Ciy Cys

, (13)
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and 8= (P, PrsrPos Poss 1), where the p-constants are
given in terms of the original dimensionless parameters* by
Pius™= Upsx:gng/sl’ Pas™ l/psr):gZ/sl » Ex = 1 8k with

ga=exp{2m yo—kgv2+k§(ko— ve) V2N ko(kg— 1)}

From Egs. (12), (13), and the expressions for power ab-
sorbed fractions in terms of the scattering parameters,* the
power absorbed fractions are given by

f=

Ak=akgkk=akj_xw(z)PIfk(z)Izdz, k=1,..,5. (14

To find general expressions for the emissivities, E, we
extend the previously obtained® three branch Green function
solution for the emission problem represented by Egs. (5),
(7), and (8). The solution of this problem can be written in
the form

s0= | s Brvms, (1s)

t

where the summation is taken over i=2,4,5,8 as z>y and
i=13,6,7 as z<y. Proceeding as before,” and considering
asymptotic expansions of the functions B;(z) as z— %<,
one obtains the following expressions for emitted energy
fractions carried by the outgoing waves:

2
s k=1,..5. (16)

j_ ()W (z)dz

Er=a;
The results (14) and (16), along with the GKL,

__=_:=—:-:;——=——-=IBB, (17)

lead to the variational problem for determining s(z): afl £,
are functionals of s which must give the same maximum
value to each ratio in Eq. (17) to satisfy the condition of the
maximum of blackbody radiative power. Further, s(z) is
bounded in magnitude, and it was shown previously® that the
corresponding integral condition is of the form:

= |s(2)}? _
j_x w(2) dz=Py. (18)

The normalizing constant Py is unknown in advance (except
that Py 1y from the Cauchy~Schwartz inequality) but will
be determined in the process of solution. To maximize five
functionals I, [s]=E[s]/A, simultanecusly, with the addi-
tional GKL and normalization constraints, we should vary
the functional

5

B[s]=Pols]— 2 wllils]—Ipp). (19)
k=1

where Py[s] is given by Eq. (18) and the u, are Lagrange
multipliers, This functional has zero variation if s(z) obeys
the integral equation

s(z)=w(z)f_xK(z,y)S(y)dy, (20)
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with the kernel

5
K(z,y)=2 mPH) V) gu.
k=1

Equation (20) has a solution of the form
5

s(2)=w(z) 2 ¥}, 1)
k=1

where the coefficients

aﬁﬁ J Vi(y)s(y)dy (22)
Sk -

are still to be determined. Introducing the matrices

Y=”YkJH,ij=g1k/\/g”gkk= Y;[;c and R=Y_1, and then
changing variables,

5
wr=
ji=1

it follows from Egs. (17), (18), (21), and (22) that the prob-
lem is reduced to minimizing the quadratic form

@' Rw=Py/Izz,0={0;}, j=1,..,5 24)
with the GKL constraints

Sy a;, 23
B kj%j ( )

|o]=[w,|=]ws|=[w4|=|ws|=1. (25)

Using these, we can write w;=exp(if,) and arrive, through
Eq. (24), at an unconstrained minimization problem for

f(9)=2 R}j+2 Rjkei(ek—ej). (26)

J JFk

Clearly, one of the 6; is arbitrary (e.g., 6;=0) since only
relative values appear in Eq. (26). This reduces the problem
to minimizing a real function of four real unconstrained vari-
ables. In our computations, we used the downhill simplex
method in multidimensions, described e.g., in Ref. 6. After
finding the 6;, all the @, are given by

] ,
=, g—iz-Rkje‘”f, @7

so that the emission source distribution from a cyclotron
layer is now completely determined by Eq. (21). The normal-
izing constant P is now determined as well by Egs. (23) and
(24).

Using the technique developed above, we performed a
number of computations near the third electron cyclotron
harmonic with X-mode—O-mode coupling. Our general con-
clusion is that while mathematical difficulties of source de-
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FIG. 1. Electron absorption function, w(x), and distributed source strength,
[s(x)|?, with n,=2.7X10"" m™3, B,=0.1 T, L=0.1 m, T,=5 keV, and
m=0.1.

velopment are much greater for the five branch coupling as
compared to a three branch problem, the basic influences of
mode conversion on the shape of the inhomogeneous emis-
sion source do not change qualitatively. This can be ex-
plained by the relatively weak coupling of the O-mode with
the other wave branches. In particular, one of the important
features—higher localization of the emitter in comparison
with the absorber—has been confirmed for five branches as
well. In the example depicted in Fig. 1, where emission and
absorption profiles are drawn together (each normalized to
unit maximum), this tendency is clearly seen. The narrow
character of the emissivity distribution is important since it
facilitates the accurate location of radiative regions in inho-
mogeneous plasmas which are necessary to interpret emis-
sion data. While the shift is only about a half centimeter in
the case illustrated, the scale length is only 10 cm, which is
about a 5% shift. The extension of the absorption and emis-
sion functions beyond the origin, which is absent when
n"=0, is due to the finite value of ny, and the zero crossing
for w(x) derives from the same fact, since the source/sink
function was derived from the relativistic function
Fosp (z,a) rather than the pure X-mode function Fg, (z),
where in this example a=0.511. Only the magnitude of the
source distribution function is shown, so the emission is of
course positive everywhere.
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