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Certain fast wave scattering parameters from a sixth order mode conversion equation, which 
represents the coupling of five propagating wave branches in an inhomogeneously magnetized 
plasma, are shown to be independent of absorption. However, the mode conversion coefficient 
Cz3 between the X-mode and the O-mode where both propagate in the same direction is not one of 
these. A recently developed analytical method is applied to calculate C2s and one of the nonzero 
reflection coefficients. Empirical formulas are found for these two coefficients. The result shows that 
CZ3 is not exactly independent of absorption, but for many cases has an unusually weak dependence. 
This explains a previous numerical result showing that CZ3 is independent of absorption to 
numerical accuracy. The coefficient Cs2 is also calculated by the same method and is shown to be 
equal to CZ3 as required by a proven reciprocity relation. The weak dependence of CT3 on 
absorption has to be taken into consideration by any theory that attempts to treat a five branch 
problem as two separated three branch problems. 0 1994 American Institute of Physics. 

I. INTRODUCTION 

Effects like transmission, reflection, mode conversion 
and absorption usually exist when a wave propagates in a 
weakly inhomogeneous medium through a back-to-back 
resonance-cutoff region. These phenomena can be modeled 
by different kinds of high order one dimensional ordinary 
differential equations (called mode conversion equations 
here). Many of these equations have been derived to study 
the mode conversion effect between fast waves and slow 
waves, or between X-mode fast waves and O-mode fast 
waves, in a weakly inhomogeneously magnetized plasma. 
This latter case permits some interesting scenarios for acces- 
sibility, since at the various electron cyclotron harmonics, 
there is a region where an X-mode from the low density side 
encounters first the R=O cutoff and then the upper hybrid 
resonance, where it again propagates, but this region is ef- 
fectively inaccessible from the outside (and the outside is 
inaccessible from the inside). Because of the coupling be- 
tween the X-mode and the O-mode with finite kll in an inho- 
mogeneous plasma at these harmonics, the region is weakly 
accessible through mode conversion where both the X-mode 
and the O-mode are coupled to a Bernstein mode and hence 
coupled to one another. Without absorption, this coupling 
can be treated as a two step problem where each of the cold 
waves are coupled to the Bernstein wave in a standard mode 
conversion analysis, and then these two results can be cas- 
caded to obtain the coupling between the two cold modes. 
With absorption, however, the cascading of the two separate 
mode conversions is more problematical, as an earlier analy- 
sis of the unseparated problem, which includes the X-mode, 
O-mode, and Bernstein mode simultaneously seemed to 
show that the X-mode-O-mode coupling was independent of 
absorption’** whereas the cascaded approach shows strong 
dependence on absorption. Since the coupling is weak in 
either case for laboratory plasmas, this effect is probably 
unimportant for fusion, but for magnetospheric and astro- 
physical plasmas, this coupling could lead to leakage of 

wave energy from a region with either a density maximum or 
a density minimum where the cold X-mode may be trapped, 
but the converted O-mode may escape. 

Because the full wave coupling models of mode conver- 
sion are so complicated, being ordinary differential equations 
of sixth order for the second harmonic and eighth order for 
the third harmonic, it is difficult to obtain good numerical 
results over a wide range of parameters. This paper exploits 
a new method for including the effects of absorption using 
only asymptotic methods which result in fast and accurate 
results for certain coupling coefficients (including the impor- 
tant X-mode-O-mode coefficient), and also proves that sev- 
eral other coefficients are independent of absorption so that 
analytic results are validated. For the cases where there is 
only conversion between a single cold wave and a warm 
wave, the model equation is a fourth order equation of the 
form (e.g., Refs. 3-8) 

~‘“+h22(IV’+1CI)+Y~=h(Z)(cC/‘+cCr), (1) 

where h(z) is the absorption function which must fall off at 
least as fast as z - ’ as ]z]--+~, and with X and y being real 
constants. This equation describes coupling of three branches 
of propagating waves, two fast wave branches (one on either 
side, both X-mode or both O-mode) and a slow wave branch 
on the z>O side. We call this a three branch problem. An 
equation that describes coupling of five branches of propa- 
gating waves is9 

IC”‘+X2z[(y’~+(l+k~>~++~~]+Y*~+?/o~ 

=h(z)[@+U +k&b”+k;~l, (2) 

where X, y2, y. and k. are real constants. The parameter 
k. is the ratio of the wavelengths of the two fast wave 
branches as ]z] ---too and has been chosen to be always 
smaller than unity here. The dispersion relation for this equa- 
tion is 
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FIG. I. Schematic plot of the dispersion relation for the + case. 

This relation is plotted on Figs. 1 and 2 for two cases, 
namely cu2,a4>0 (+ case) and cu,,cy,<O (- case), where 

LY*=(l+Y2-~0)/2X*(l-k~), 

a,=(-kg-y2k;+yo)/2X2ko(1-k;). (3) 
These two equations can both describe physical situa- 

tions like second ion cyclotron harmonic and second electron 
cyclotron harmonic in an inhomogeneously magnetized 
plasma. It is well known that only the X-mode exists along a 
direction perpendicular to the magnetic field if the wave fre- 
quency o is smaller than the plasma frequency wP . Hence a 
five branch problem only exists for o>o, and it must be a 
five branch problem whenever the X-mode is propagating 

FIG. 2. Schematic plot of the dispersion relation for the - case. 

because the O-mode always exists for this case. However, 
Eq. (1) is frequently used to model the X-mode for all w. 
This is because the coupling between X-mode and O-mode is 
usually weak (especially for small $1, the component of the 
wave vector along the direction of the magnetic field) and it 
is sometimes argued that we can treat the five branch prob- 
lem as two separated three branch problems. Moreover, since 
it was found that all mode conversion coefficients of a three 
branch problem tend to zero as absorption increases, the cou- 
pling between the X-mode and the O-mode should become 
vanishingly small when the absorption is strong. Note also 
that other researchers, using the phase space method to study 
the mode conversion problem, also believe that multiple 
mode conversions can be treated individually and combined 
with the eikonal method if the mode conversion points are 
separated in phase space.” 

Another mode conversion equation that describes a five 
branch problem is an eighth order equation9V’*2 

=h(z)[t$U+(li-k&“+k;$J , (4) 

which can model physical situations like the third ion or 
electron cyclotron harmonic. 

One surprising result from a previous study was that the 
nonzero mode conversion coefficient C23 from Eq. (4) be- 
tween the X-mode and the O-mode branches propagating in 
the same direction appeared to be independent of absorption 
to the numerical accuracy2” (note that it is called Cdl in Ref. 
2). If this result were true, then there is a great difficulty in 
understanding this by the separation scheme. The difficulty is 
that for large absorption, all mode conversion coefficients 
between fast and slow waves vanish for the two individual 
three branch problems and it is hard to imagine why the 
mode conversion coefficient between the two fast modes 
does not vanish after the two three branch problems are com- 
bined into a single five branch problem since the coupling is 
via an intermediate slow wave. Before we investigate further 
along this direction, it is better to calculate the same coeffi- 
cient using other analytical methods to check this numerical 
result. We will present in detail the theory for Eq. (2) only, 
but will show that the results from both Eqs. (2) and (4) are 
very similar. 

There is a standard method to calculate all scattering 
parameters from mode conversion equations like Eqs. (l), 
(2) or (4) analytically for h =0.11e12 For h #O, there exists a 
well developed numerical method to calculate solutions and 
scattering parameters from these equations.4’7’2 This method 
involves solving a “homogeneous equation” (i.e., with 
h = 0) by numerical contour integrations and then solving the 
“inhomogeneous equation” by converting it into an integral 
equation which is solved iteratively, using the solutions of 
the former equation to form the kernel. The scattering param- 
eters can then be calculated by numerically integrating an 
integral involving h and solutions of these two equations. 

By considering contours for the solutions of Eq.. (1) with 
h = 0 for complex z values, Swanson and Shvets were able to 
show that some of these integrals are identically zero.13 
Thus, fast wave transmission coefficients from both sides 
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FIG. 3. General contours of fj’s for the + case. 

(which are equal to each other) and the fast wave reflection 
coefficient from the side which encounters the resonance be- 
fore the cutoff (which is identically zero), were shown to be 
independent of absorption. Here we extend this proof to 
cover Eq. (2) to see if the coefficient CZ3 can also be shown 
to be independent of absorption. This extension turns out to 
be not quite straightforward. By this proof, many fast wave 
scattering parameters are shown to be independent of absorp- 
tion. However, as we will see, the coefficient C,, is not one 
of them. 

We then apply a recently developed analytical method14 
to calculate CZ3. This method generates an analytic series 
which can be summed numerically. For completeness, we 
also try to apply it to calculate other nonzero fast wave scat- 
tering parameters. It turns out that this method only works 
for C23(C32) and R4 which is the nonzero reflection coeffi- 
cient for the fast wave with the longer wavelength. Empirical 
formulas are found for both coefficients. From these results, 
we find that Cl3 is not identically zero, but the dependence 
on absorption is usually much weaker than for other coeffi- 
cients when kO is close to unity. We will also calculate Cs2 
using the series method to see if it is equal to Cz3 as required 
by the reciprocity relations which have been proved 
analytically.‘5t2 

In the next section, we will present the integral equations 
of Eq. (2) for both + cases. We will show in Sec. III how to 
generalize solutions of the “homogeneous equation” for 
complex z values using contour integrations in the complex 
k-plane. In Sec. IV, we will be able to see why some scat- 
tering parameters are independent of absorption and why 
some scattering parameters can be calculated by the series 
method. Numerical results for CZ3, R4 and Cs2 will also be 
presented there. Discussions and conclusions will be pre- 
sented in Sec. V. 

FIG. 4. General contours of f,‘s for the - case. 

II. INTEGRAL EQUATIONS 

The homogeneous equation for Eq. (2) is 

fU’+X2z[f’~+(l+k~)P+k~]+Y2f”+~af=o. 

This equation can be solved exactly by using the method of 
Laplace:* 

f,(z)=cjlra(k)-‘[exP zg(k)I dkt 
I 

(5) 

FIG. 5. Topology of the contours for z-m exp(i@ with OS/% 0,) plotted 
for tI=O. 
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FIG. 6. Topology of the contours for z-00 exp(i6) with b’,<r%&, plotted 
for e=d3. 

where the rj are contours in the complex k-plane which 
must end at infinity with approach angles of ~16, 57rl6, or 
3~12, and 

g(k)= -ik-; S(k)+ i 
I 

a9 ldk-kg) , 
q=l I 

with 

S(k)=-[k3/3+(1+k;)k]lh2, Q(k)=(k*-l)(k*-kg), 

k,=-k,=l, k3=-k,=ko, a,=-a2, LY~=--cY~. 

FIG. 8. Topology of the contours for z -4 expfi@ with ?rf2<B<e4>2nf3, 
plotted for e=2d3. 

Note that the corresponding fj for Eq. (1) is often calculated 
by integrals in the u-plane, using a transformation k = i tan zi 
in an equation similar to Eq. (5). The main advantage of 
working in the u-plane is that there is no branch cut in the 
u-plane while there is one branch cut from k= I to k= - I 
for Eq. (I) in the k-plane. However, since there are two 
branch cuts (the other is from k= k. to k = - ko) for Eq. (2), 
we cannot avoid them by introducing the u-plane. 

We will only consider the two cases (2 cases) defined 
before (see Figs. 1 and 2), and note that the directions of the 
incident waves of the solutions fj are indicated by the 

FIG. 7. Topology of the contours for z-+m exp(i8) with FIG. 9. Topology of the contours for Z-W exp(i@ with O&&v, plotted 
~f3+-cecrr/2=8,. for 6=rr. 
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arrows on the curves. The general contours rj for the two the next section. To find the asymptotic behavior of fj for 
cases are shown in Figs. 3 and 4. Figures 5-9 show the real z, we can match these general contours to those contours 
contours of asymptotic solutions for some complex z values for z’+w which are shown in Figs. 5 and 9. Then, with a 
with IzI*a for different phase angle 8, where suitable choice of constant cj , we can express the asymptotic 
z = Izlexp(i8). We will look at these figures in more detail in behavior of fj as 

o Tl o c14 o c16 \ ‘f-1 ’ RI 1 Cl3 0 Cl5 0 

1 Rz 0 c2.4 0 c26 f2 i-2 0 c23 0 c25 0 

0 c32 o 7’3 o c36 -CO+-Z f3 Z-+W C 31 0 R3 1 c35 0 

0 c42 1 R4 0 c46 
c 

f4 -+ C41 0 T4 0 C45 0 

/ u+ 
u- 

u+ 
u- 

u+ 
u- 

o c52 o c54 o c56 f5 C51 0 C53 0 R5 0 

o c62 o c64 1 R6 I f6 \ c61 o c63 o c65 1 

for the + case, and 

RI 1 c,, 0 0 C16\ “-\ fl 0 TI 0 C14 C15 0 

T2 0 c23 0 0 c26 u+ f2 1 R2 o c24 c25 o 

C31 0 R3 1 0 C36 U- -WCZ f3 Z-+CC 0 C32 0 T3 C35 0 

C410 T400C46 u+ +- f4 + 0 C42 1 R4 C45 0 

c51 o c53 o o c56 c+ f5 

c6, 0 c63 0 1 R6 \ (T- / f6 

for the - case, with scattering parameters given by 

RI TI Cl3 Cl4 c cl6 15 

T2 R2 c23 c24 c25 c26 

Sij’ 
c31 c32 R3 7-3 c35 c36 

C 41 c42 T4 R4 c45 c46 
= $0) 

1J ’ 

0 c52 0 c54 R5 1 

o c62 o c64 c65 o 

c51 c52 c53 C54 R5 C 56 

c61 c62 c63 c64 c65 R6 

0 l-84 0 0 -c, o\ 

Tl4 T2C2 -C,C, T,C,C, T,T;C, T,C, 

0 s(P)= -i,& 0 TV -T,C, 0 
iJ 0 TuCuC, T, cz TuTuC, C, ’ 

-Cl4 LT:C, -T,C, TJJ, ,, u TJ, T2T2 

\ 0 T,Cu 0 C" TJ, 112 

\ / 

I \ 

u+ 
u- 

u+ 
u- 

s- 

S+ 

u- 

u+ 
up 

u+ 

S+ 
s- 

, (6) 

t (7) 

where TU=exp(-do,I), T,=exp(-da3]), C:= l--T:, 
Cz=l-Tz and the six basic waves types are given asymp- 

j 7Te74q+a3) J- I4 

totically by 
o+g x7~21zls~4 $Iz\~‘~+(I+~~) q , 

I 

U+= 
nJT,exp{-+i[S(l)-s,fz+a21nIzIl} 

2 C,a,( 1 -ka)T(tia,) , 
sgn( 02) J;;err(a.2+U4) 

u-= 
x7’21z19’4 ew 

I 
-&3’2 

-rJT, exp{ti[S(ko)-s,+koz+a,lnlzll} - 
uz--= 

C”Qgkg(l-k;)r(+ia4) 
9 

with 
sgn( 02) J;; l/2 

s + = x7t2z914 
exp $z3’2-(l+k$ y-n/4 II , s,=a,ln2+a31n(1+kO/1-kO), 

(9) 
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s,=culln( 1 -I-k,/1 -ko)+a31n(2k0). 

Note that only f t to f5 are physically allowed in an un- 
bounded region since F6 is exponentially growing. Using 
these we can find an integral equation that solves Eq. (2), 

f I1:k -- 
T, 

for k= 1,2,3,4, by Eqs. (9) and (1 I), we also know that for all 
of the fast wave transmission coefficients, 

for the + case, 

il/ =f +flz;k+f&k+ c,c, 
k k 

-- 
T u T, uu 

,Tflz,+f7Z, 

f2I:k f&k + cut, -- 
-t T,, -I- T, 

~f4zi+k+fO’:k~ 
u v 

Then from the relations of the scattering parameters with 
.?jk in Eq. (12), using Eq. (8), we can find certain fast wave 
scattering parameters analytically, namely: 

T1=T2=T,, T,=T,=T,, 

for the - case, 

where 
2x, 

Fj(Y)h(Y>*k(Y)dY$ 

(10) 

Obviously, these scattering parameters are independent of 
absorption. However, the conversion coefficient 
C23(= C32) which has been found numerically to be inde- 
pendent of absorption is not one of these. So we need to 
calcmate it by another method. 

with B. Series method 

Fj=fjv+( 1 +k;)fj”+k&, 

Wj=J/j.“+(l+k,2)~j”+k~~j, 

and T,T,fo=f5-T,,Cvf3-Crf, for the f case, 

(11) 

and 

In this section, we will apply a recently developed ana- 
lytical method to find the series expressions for some of 
these nonzero fast wave scattering parameters. The correct- 
ness of this method has been shown by the very good agree- 
ment between the results from the series method and the 
integral equation method in calculating the nonzero fast 
wave reflection coefficient from Eq. (i).t4 The derivation 
here will be very similar to Ref. 14 and we refer to it for 
details that are omitted here. 

fo~T,T,f,+T,C~2+C,f,, f7=f6-CflfTuT,-C,f3/ 

T, for the - case. Note that fota- as z-t --a, for both 
cases. Equation (10) can be solved iteratively using t,bk=fk 
as the first trial function with fk calculated numerically by 
Eq. (5). This can be done for the five physical solutions, 
k = 1,2,3,4,5, if h(z) falls off at least as fast as z- * as 
IzJ--+co. For the k=6 solution, this can be done only if 
h(z)a,(z)+O fast enough as z-+--a. After solving Eq. 
(IO), scattering parameters can be found, making use of Eqs. 
W(8), by 

sjk=s!O)-z .+p?:Zjk, 
Jk +- kJ for + cases, 02) 

with 

(13) 

where the second equality in Eq. (12) is by a reciprocity 
relation zjk'zkj which can be proved from the symmetric 
properties of the integral equations.2 From Eqs. (8) and (12), 
we see that sjk'skj is a S)mmf?Wk matdx. In the Appendix, 
we show that some of these zjk are identically zero for some 
kinds of h functions, and thus some scattering parameters are 
independent of absorption and can be expressed by Eq. (8). 

111. SCAlTERlNG PARAMETERS 

A. Independence of absorption 

By the definition of jjk in Eq. (Al) and the asymptotic 
behavior of qk and Fj, described by Qs. (A8) and (A14), 
on the contours Ct for the two cases, we know immediately 
that for certain reflection (Zjj) and conversion coefficients, 
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z*~=133=1~3=13*=1~4=14*=0. 

Using the fact that on C,, h-@(z(-‘), and 

Fk-@tlZI-‘fk), 

Since we need to perform explicit calculations in this 
section, we need to specify the absorption function h. We 
will consider two kinds of functions that appear frequently in 
physical situations. For the nonrelativistic cases, we use 

h(z)=A2K[~T1/Z(t~)], (14) 

for -I cases, and for relativistic cases from Eq. (2), 

h(z)=h2K[{Z 1/F7,2(?5-7/2)], 

and for the relativistic cases from Eq. (4), 
(15) 

h(z) = - A2~[ L+ l/F,,,( 7 c-9/2)], (16) 

where Z( t> = i Gw( 5) is the plasma dispersion function, 
and w is the error function for complex argument,nj and F, 
is the relativistic plasma dispersion function,17’18 and 
l= (z - z~)/K, where K iS a real parameter characterizing the 
strength of absorption. Note that Z(l), FT,~( f> and 
F&l) are analytic functions and have zeros only in the 
lower half l-plane. We wilI also assume that 
zo= - y. lk$A2, which is often the case for physical situa- 
tions. We refer to Refs. 1, 2, and 9 for the dependence on 
plasma parameters of the dimensionless parameters 
X2, y6, y2, yo, ku, and K. In the calculations here, we will use 
these dimensionless parameters as inputs so that the conclu- 
sions are not restricted to a particular physical situation. 

First we need to expand h(z) in an asymptotic series 
over C, for the two cases, 
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00 . 

h(z)+C >. 
n=l 

We  have already shown a general method to do so, for those 
functions of Eqs. (14)-(16), in Ref.14. 

For the mode conversion coefficient Cz3= - C,C, 
+ Zs2, for the + cases, we have, by Eq. (Al) and the asymp- 
totic behavior of E&s. (A3)-(A13), 

1 
l32=m I 

F3(z)h(z)~2Wz, 
=+ 

1 

=Gz c+ I 
F,,(yMyWup(~)~~, for + case, 

1 
=Gz cm I F,,(y)My)~u,(~)dy, for 

where y=z-z. and 

~,,(y)~T&~ t$ .i(Y++Y), 
IL=1 

qr,(y)Ec:g f .-i(Y+aZlnY), 

n=l 

F,,(y)sT,c,g + ei(koY+a41"Y), 
tl=l 

(17) 

(1% 

with c, , c, being the coefficients of U+ and u+ in Eqs. (9), 

dCw$~[~(1)-~,+z01) 
cu= 

C,cu,( 1 -k$r(iLY2) ’ 

45 ~~p~~~~~~o~-~,+~ozol}  
c,= 

C"cY,kO( 1  -k;)r(ia,) * 

Similarly, we can calculate the mode conversion coefficient 
C32= - C,C, T  123, with 

1 
I23== s F2(z)h(z)*3(z)dz, 

c+ 

1 
= s I c F,,(r>WWdr>dy, (+case), 

+ 

= g&2 I =_F,,(Y)~(Y)~“~(Y)~Y, (-case), (19) 

where the definitions of F,, , F,, , ‘PUP, and ‘P,,,, are simi- 
lar to Eqs. (18), 

q,,(y)~T"cu~ F?$! &koY+@4lnY), 
n=l 

F,(y)~Tuc,~ %/ &Y+lr21nY), 
n=l 

Fu,(y)sc;~ $ !! ,- i(Y+adnY)+ (20) 
n=l 

From Eqs. (A3)-(A13), we also see that we can calculate the 
reflection coefficient R4 = Ci i Z44 by the series method, with 

1 
144=2 I 

F4(z)WW4(z)~z~ 
c, 

1 
=m c, I F,,(Y)NYW,,(Y)~Y, (fcase), 

1 
=m c- I 

F,,(YMY)~,,(Y)~Y, (--case). 

(21) 

However, we also see that the series method is not able to 
calculate the coefficients R2 = Tf Cf + I22 and Ca4 = Cd2 
=T,C,C,kZ42. The reason is that by Eqs. (A3)-(A13), 

f2~u,+up for -rrl2<KO on C, and f2av,+u, for rrf2 
< K rr on C _ . It is obvious that the contributions from the 
up or u, terms to Z22 or 142 cannot be proved to be zero so 
that, e.g. 

(22) 

for the + case. Moreover, we do not know how to calculate 
these contributions since up or v, only appear on half of a 
semicircle. There is another reason that, as we will see, even 
if Eq. (22) were true, the series from the right hand sides are 
found to be divergent numerically. 

To calculate the coefficients a+,,,, and cr,, , we can sub- 
stitute the asymptotic series of wU,, and qV, of Eqs. (18) 
and (20), making use of Eq. (ll), into Eq. (2), requiring that 
all terms vanish. The result for a,, is 

hn=an,4 -(l+k$a,,2+kia,,o, nal, (234 

an,o= 2ih2( 1 ’ 2 (lIff2+itn--l)l[ ilo h-l,, - ko)n 

- X2z0a,,- h2( a,+ in) 

X[a,-1,2+2a,-1,*+(2-k~)a,-1,01 

+d% -~,~+an-d] +z, L m % m )7 (2W  
a,,k=an,k.-l+[a2+i(n-1)]a,-l,k-l, k=1,2,3,4,5, 

(23~) 
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Y= 

FIG. 10. Integration contours on the complex plane for the f case. 
FIG. 11. Integration contours on the complex plane for the - case. 

and a,,&= 1. We can also use Eqs. (23a)-(23c) to calculate 
Gun by putting h, = 0. 

Similarly for ff,, , 

mun=an.4--(1 +k$a,,2+k$,,0, na 1 , (244 

a~.0=2iX2ko(ko- 1)n ( [a4+ib- 111[ j. 4?%-h 

- X2.Zl$,,- X2(“4+in)[a,-,,2+2koan-1,, 

+(2ki-- lb,-t.01 

+y2(a~-~,~+koan-~,o)]+~ Lmaum]9 CW 

un,k=an.k-l+[CY4+i(n-l)]a,-,,k-l, k=1,2,3,4,5, 
(24~) 

and ac,k= 1. Similarly we use Eqs. (24a)-(24c) to calculate 
LX,,, with h,=O. 

Now that we have an exact asymptotic expansion of the 
integrands of Eqs. (17)-(21), we can write down the series 
expressions for those integrals, making use of the result 

1,’ = I 5s e*‘(&+AlnY) 

for real GO, where we have changed the contours of inte- 
gration from C, to Ci in Figs. 10 and 11, using Hankel’s 
contour integral Eq. (A2). 

We finally have, for the + case, 

irr2~2e2’[S(ko)-s,Ckgzol 

R4=C3- 2X%&( 1 -k;)2C;r2(icr4) 
(2kO)2ia4 

iT2T T @St l)-S~ko~-s,+s,+(l -k,$zo] 

c23 = - c,c, - 
h’a,a;k;(I -k~)‘C,C,r(itr~)r(icug) 

x(1-ko) i(a,-aj)-l ~,t[i( 1 - ko)Y 
i3 r[n-ki(cr,-a3)] ’ (25) 

where ‘yn is the coefficient of the y-” terms of the integrand 
after combining the three series from F,!P, and h, 

n-2 

yn= c Pn-mh,, fia3, 
m=l 

n-1 
A= c @u(,-m)%m~ -* ~~22% for Cz3, 

m=l 

n-l 

Plt=C a - v(n-m)%m 1 n32, for R4. (26) 
PI=1 

The series for the - case is formally the complex conjugate 
of Eq. (25), but may have different h,. The series for the 
coefficient C32 is also formally identical to the C2s series in 
Eq. (25) with only a change of /?, in Eq. (26) to 

n-l 
A= c &(n-rn)~Zm. 

m=l 

Note that we can also calculate the three corresponding 
coefficients for the eighth order equation (4) using Eq. (25) 
with the sign of the second term (the term with the summa- 
tion) of both expressions changed to the opposite. But now, 
instead of Eq. (3), 

a4=(-k;ty6k;-yzk;+.yo)/2X2ko(1-k;), 

and 
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S(k)=- 5 + 
i 

k5 (1 +k;- Y6)k3 
3 

+[(l-Y&l+k;)Sk;]k h2. 
I/ 

Also, a,,0 in Eqs. (23b) and (24b) have to be calculated by 
slightly more complicated recurrence formulas respectively, 

1 
a,v0=2iX*( 1 -k&r [ 

[a*+i(n- I)] 

1 

I 5 
X C an-l,m- y6C a,-~,m-~2z0ffun-~2(~2 

’ 2 a,*0=2iX2ke(k,- l)n [ [a4+i(n- l)l[ ilo k70-man-l,m 

5 
- 76 2 k~-ma~-~,m-h2zoao,-h2(a4+in) 

lb,-l,01 

m=O 

X[a,-,,2+2koa,-,,l+(2k~- 

1 
n-l 

+ Y2(~,-1,1+~o~n-l,o) + c 
m=l 

where the first equation replaces Eq. (23b) and the second 
equation replaces Eq. (24b). 

Let us consider the nonrelativistic case using Eq. (14) as 
the h function first. The series for C23 in Eq. (25) is then 
evaluated numerically. Since the asymptotic series of h for 
both t cases are the same, the C23 values from both cases 
are simply complex conjugate to each other so that the ab- 
solute values of them are identical. An empirical formula is 
found for it from numerical results, 

IC231*,C2C~e-(l-‘o)2c2/*, (27) 

for small ]cr2], 1~1, not too small X2 and not too large K. 
However, the series is not uniformly convergent. One radius 
of convergence is numerically found to be ko> l/3 (note 
again that k. has been chosen to be smaller than unity al- 
ways), independent of other parameters. The analytical rea- 
son for this divergence is not clear for now, but it is found 
that this radius is not very clear cut. For not too small k. and 
not too large K, the series first converges to a value expected 
by the empirical formula Eq. (27) and then diverges away. In 
examining the convergence of a similar series for a three 
branch problem, it was found that the convergence radius in 
K was a function of machine precision, so it is believed that 
the apparent divergence in K is not fundamental, and that the 
series is probably absolutely convergent in K. The depen- 
dence of the radius of convergence on k, is different, how- 
ever, and may truly represent a finite range of k. over which 

Phys. Plasmas, Vol. 1, No. 12, December 1994 C. S. Ng and D. G. Swanson 3759 

TABLE I. Nonrelativistic case with X2=20, \az1=0.12, la,l=O.OOl, and 
1c=2. Note that P,,=O.3317%. 

ko n p32 p23 pi3 923 43 

0.1 a 0.0618 0.06lJ 0.0627 1.0376 1 .om 
0.2 8 0.0914 0.0914 0.0921 1.0067 1.0012 
0.3 23 0.1258 0.1258 0.1262 0.9892 0.9860 
0.4 157 0.1627 0.1627 0.1630 0.9890 0.9867 
0.5 152 0.2023 0.2023 0.2025 0.9886 0.9870 
0.6 147 0.2417 0.2417 0.2418 0.9882 0.9870 
0.7 140 0.2776 0.2776 0.2777 0.9878 0.9868 
0.8 132 0.3065 0.3065 0.3065 0.9873 0.9866 
0.9 119 0.3252 0.3252 0.3252 0.9867 0.9863 
0.95 109 0.3300 0.3300 0.3300 0.9863 0.9861 
0.99 90 0.3316 0.3316 0.3316 0.9860 0.9860 
0.999 72 0.3317 0.3317 0.3317 0.9860 0.9860 

the series converges. In Tables I and II, some values of 
P23’1001C2312 are shown, along with the values of q23 
which is defined by P23= 100P. exp[-q,,(l-k,)*&2], 
with P,=C~C~. Note that q23 equals to unity if the empiri- 
cal formula Eq. (27) gives the exact value. The values n in 
Table I is the number of terms summed in the evaluation of 
the series Eq. (25). For those values with ko< l/3, we stop 
the evaluation at a term which has the smallest difference 
between the values if one more (or less) term is summed, 
because of the divergence problem. The n values for those 
data in Table II is from 150 to 1.53, but remain the same for 
each line of data. Note also that not all digits shown on these 
tables are significant figures. Only those digits without an 
underbar remain unchanged if one more (or less) term is 
summed. These nonconvergent figures are shown in order to 
compare the convergence properties with other series. 

One obvious quantity to be compared with C23 is the 
C32 coefficient, because mathematically it should be identi- 
cal to C23 so that if the values from the series of these two 
differ with each other, we know they cannot both be correct. 
This may indicate that neither of the values are truly con- 
verged or that there are other errors. So we also show the 
values Of P3*= lOO]C3*] 2 in Tables I and II. The values of 
q3* defined similarly as q23 are also shown in Table II. We 

TABLE II. Nonrelativistic case with h2=200, la21=0.12, la,l=O.OOl, 
and k,=OS. Note that P,=O.3317%. 

K p32 p23 P’ 23 932 923 4;3 

0.1 0.3312 0.3312 0.3312 0.9904 0.9904 0.9903 
0.5 0.3216 0.3216 0.3216 0.9903 0.9903 0.9902 
1 0.2930 0.2930 0.293 1 0.9902 0.9902 0.9900 
2 0.2022 0.2022 0.2022 0.9894 0.9894 0.9892 
4 4.622e-2 4.622e-2 4.625e-2 0.9853 0.9853 0.9851 
6 4.148e-3 4.148e-3 4.157e-3 0.9737 0.9736 0.9732 
a l.aOle-4 1.803e-4 1.818e-4 0.9398 0.9397 0.9386 
10 6.603e-6 6.694e-6 6.83Qe-6 0.8660 0.8649 0.8632 
12 2.56&-7 2.84Je-7 2.918e-7 0.7819 0.7761 0.7746 
14 7.887e-9 1.5ae-8 1.55_6e-8 0.7165 0.6897 0.6888 
16 1.916e-10 3.4>e-9 3.45Ae-9 0.6647 0.5746 0.5744 
18 4.419e-12 3.78Je-9 3.=e-9 0.6183 0.4516 0.4516 
20 2.8ue-11 fj.Ee-9 6.=e-9 0.4637 0.3554 0.3557 
22 345.3 345.3 345.3 -0.1148 -0.1148 -0.1148 
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see that the two quantities P,, and P,, are identical to each 
other when koaO. 3 and K< 10. The deviation for small k. is 
obviously due to the divergence problem of the series. Also, 
when K starts to grow larger, we know from calculations that 
the terms in the series grow to large values and then de- 
crease, but at the same time the coefficient tends to zero. 
Since we can only compute it using finite precision and only 
a finite number of terms can be summed, we know that the 
series must effectively diverge beyond some large K value. 
The fact that Pz3 and PJ2 in Table II do not get smaller for 
K> 18 shows the error is starting to get large so that the 
values before that may also not have fully converged to the 
true values due to the subtraction errors. This can be seen by 
the fact that P23f P3, for I~<K. One interesting fact is that 
P,, agrees with Ps2 again after the series obviously has 
encountered numerical difficulties (see the values at ~=22). 
Being different from the divergence problem for small ko, 
this error is only numerical and there probably does not exist 
a finite radius of convergence in K. 

Another quantity to compare with is the C23 coefficient 
from the eighth order equation (4). The values of Pi3 and 
s&, defined similarly, are also shown in Tables I and II, We 
see that the values of P13, qi3 are very close to P13 and 
q23 respectively, even for those values that are not fully con- 
verged. This shows that the two series have very similar 
convergence properties. This agreement is also found to be 
true for cases with different parameters. Obviously, the em- 
pirical formula Eq. (27) is also valid for this case. 

An empirical formula is also found for R4, 

for small laJ, 1~1, not too small X2 and not too large K. 

This empirical formula is consistent with that for R2 of the 
fourth order equation (l), (R212=C4 exp(-2/i), since as 
1 LY~/-+O, the five branch problem represented by Eq. (2) be- 
comes a three branch problem represented by Eq. (1) and 
then R4--+ R2 with kOK--+ K. However, the radius of conver- 
gence for this series is /co< l/3, just opposite to that of the 
series of C23. For k. larger and near l/3, the series also first 
apparently converges to a certain reasonable value and then 
diverges away. 

Let us now consider the relativistic case by using Eqs. 
(15) as the h function. Since now the h function for the ? 
cases are slightly different, we will do our calculation mainly 
on the - case. The empirical formula for Cs2 is now 

1~2~/2,~2~2 -7tl-kcJ2K212 
u “e 

The radius of convergence ko> l/3 is the same for this case, 
but now there is another radius of convergence 
( 1 - k,) K< 1, similar to the radius of convergence ~C0.5 for 
R2 from Eq. (1) for the relativistic case. Some values of 
P23r and q23* which is now defined by 
Pz3 = 100 PO exp[ -q237( 1 - ko)2t?/2], are shown in Tables 
III and IV, Note that this empirical formula Eq. (28) also 
works for the + case. Actually, it works even slightly better 
than the - case. The values of Cz3 are generally close for 
the two cases. The q2? values for the + case, which we call 
q& , are also shown in Table III. 

TABLE LH. Relativistic case with AZ= 100, lazl=O. 12, ~cu,+~=O.OOl, and 
~=0.6. Note that Po=0.3317%. 

ko n pz3 p23 923 43 4:3 

0.1 a 0.1313 0.0985 0.9082 0.922 0.9922 
0.2 15 0.1652 0.1364 0.8606 0.8573 0.9253 
0.3 31 0.1923 0.1649 0.8824 0.8799 0.9447 
0.35 159 0.2062 0.1803 0.8929 0.8907 0.9532 
0.4 157 0.2202 0.1961 0.9030 0.9012 0.9610 
0.5 152 0.2480 0.2284 0.9222 0.9210 0.9744 
0.6 146 0.2744 0.2600 0.9397 0.9389 0.9845 
0.7 140 0.2976 0.2886 0.955 1 0.9546 0.9909 
0.8 131 0.3159 0.3115 0.9681 0.9679 0.9934 
0.9 119 0.3276 0.3264 0.9785 0.9784 0.99 I a 
0.95 108 0.3306 0.3303 0.9826 0.9825 0.9894 
0.99 90 0.3316 0.33 16 0.9853 0.9853 0.9867 
0.999 72 0.3317 0.3317 0.9859 0.9859 0.9860 

We also did calculations on Cs2 for both cases. The val- 
ues of C’I~ and C32 agree whenever the series converge. We 
did not show C32 and q32 in Tables III and IV because they 
are simply the same as C2s and q23. 

The empirical formula for R4 for this case is 

~~41*~c;fe-“+&2, 

for small 1~~~1, /LY,], not too small x2 and not too large K. 

This empirical formula is also consistent with that for R2 
from Eq. (l), [R2j2= C4exp( - 142). 

The values of Pi3 and qi3 calculated by using Eq. (16) 
as the h function for the eighth order equation (4), are also 
shown in Tables III and IV. Because of the difference in the 
h function, the empirical formula for this case becomes 

Ic231z,c:c~e-9”-k~,2K2~*. (29) 

As a result, the Pi3 values in Tables III and IV are generally 
different from the P,, values, but still qi3 are very close to 
423 7 where 43 is now defined by 
Pi3 = 100 PO exp[ -q&,9( 1 - ko)*$/2]. If we use the negative 
of Eq. (15) as the h function instead, and calculate Pi3 and 

TABLE IV. Relativistic case with h’=lOO, [@pI=O.12, [a,I=O.OOl, 
ko=0.9, andn=ll9. Note that P,=0.3317%. 

K P 23 p23’ 63 923 923” 43 

0.6 0.3276 0.3276 0.3264 0.9785 0.9784 0.9784 
0.8 0.3245 0.3245 0.3225 0.9749 0.9748 0.9747 
1.0 0.3206 0.3206 0.3175 0.9709 0.9708 0.9707 
1.2 0.3159 0.3159 0.3115 0.9666 0.9664 0.9664 
I .35 0.3119 0.3119 0.3065 0.963 1 0.9629 0.9628 
1.5 0.3075 0.3075 0.3010 0.9594 0.9592 0.9591 
1.6 0.3044 0.3044 0.2971 0.9568 0.9567 0.9565 
1.8 0.2977 0.2977 0.2887 0.95 14 0.9512 0.95 11 
2.0 0.2905 0.2905 0.2798 0.9457 0.9455 0.9453 
2.2 0.2829 0.2829 0.2703 0.9396 0.9394 0.9391 
2.5 0.2706 0.2706 0.2554 0.9300 0.9298 0.9294 
3.0 0.2488 0.2488 0.2293 0.9125 0.9123 0.9117 
3.5 0.2261 0.2261 0.2028 0.8935 0.8933 0.8924 
4.5 0.1813 0.1814 0.1528 0.8520 0.8517 0.8501 
6.0 0.1234 0.1234 0.0935 0.7846 0.7844 0.7816 
8.0 0.06999 0.07004 0.0454 0.6945 0.6942 0.6903 
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q:3 defined similarly to Pz3 and q23, even the values of 
Pi3 will be very close to those of Pz3 as can be seen from 
Table IV. This shows that the convergence properties of the 
two series from the sixth and eighth order equations are very 
similar. Similarly, the empirical formula for R4 for this case 
is, 

We see that the factor before ~~ in these empirical formulas 
depend on the h function rather than the order of the equa- 
tion, namely the factors are 7 and 14 if we use FTj2 or 9 and 
18 when we use Fgj2. 

The fact that the Cz3 series diverges for kc,< l/3 and the 
R4 series diverges for k,> l/3 makes it very difficult to get 
both values for the same ke accurately, except for k0 near 
l/3. Although we do not understand this divergence analyti- 
cally, we may try to see how the ku=1/3 limit comes about 
by looking at the two series in Eq. (25). Note that the nth 
term of the series of C2s is proportional to ( 1 - ka)” and that 
of R4 is proportional to (2k0)n. These two factors 1 -IQ, 
and 2ku are equal when ko= l/3. From this we can also see 
another reason why we cannot calculate R2 and CZ4 by the 
series method. In order to calculate them, we must evaluate 
the series from the right hand side of Eq. (22). It is obvious 
that the nth term of these two series is proportional to 2 and 
1 f k. respectively, which are larger than 2/3 for all k. . So 
these two series are expected to be seriously divergent. In- 
deed we found that it is so numerically. Therefore, it seems 
that we cannot calculate R2 and C24 by the series method, at 
least in the present formulation. 

From these empirical formulas (27) to (29) of C2s and 
other numerical results, we see that although C2s is not ex- 
actly independent of absorption, the dependence is much 
weaker than other coefficients because of the (1 -ko)2/4 
factor, if k. is close to unity. Note that the empirical formula 
for R2 should be proportional to exp(-22), for the nonrel- 
ativistic case, similar to that of Eq. (l), but C2a is only pro- 
portional to exp[-(1 --Q2g/2]. Note also that the factor 
CiCz is usually very small for a plasma, since the O-mode 
transmission coefficient is usually very close to unity so that 
one of the factors C, or C, is very small, depending on 
which one represents the O-mode. Therefore, when calculat- 
ing the coefficient CZ3 from solving the integral equation 
numerically, usually only one or two significant figures can 
be obtained for realistic cases. Due to the weak dependence 
on absorption, these one or two significant figures remain 
unchanged even after other scattering parameters have de- 
cayed to relatively small values. Another factor is that the 
numerical method that solves the integral equation also does 
not converge for large K. Thus, it is hard to see how C2s 
changes for really large absorption using that method. That 
explains why the previous result indicated that CZ3 is inde- 
pendent of absorption, 2.9 since the ka values used there were 
all close to unity. 

IV. DISCUSSION 

Although subject to some divergence problems, the se- 
ries method once again shows its power in calculating fast 

wave scattering parameters. We now know that it works for 
equations with order higher than four and for five branch 
problems as well as three branch problems. It has been used 
to calculate C2a, the coupling coefficient between the 
X-mode and the O-mode, for situations with even stronger 
absorption, with much higher accuracy and efficiency than 
solving the integral equations numerically. This enables us to 
conclude definitely that the X-mode-O-mode coupling does 
depend on absorption and we have found empirical formulas 
for it for different absorption functions. From these results, 
we know that the dependence on absorption is usually weak 
so that we can explain why this dependence was not found 
by the previous study. It should be noted that while the cou- 
pling between the X-mode and the O-mode from branches 2 
to 3 or vice versa is nonzero for k/l # 0, the coupling between 
branches 1 and 4, which represent the same waves traveling 
in the opposite direction, vanishes identically so the coupling 
is unidirectional. 

The dependence of CZ3 on absorption indeed satisfies 
the separation scheme for very strong absorption. Since the 
mode conversion coefficients of the two separated three 
branch problems all vanish for very strong absorption, the 
conversion coefficient C2s between the two must also vanish 
eventually. However, because of the weak dependence on 
absorption of CZ3, it may not change much for moderately 
strong absorption, even when the mode conversion coeffi- 
cients of the two separated problems all become very small. 
This means that the separation scheme still does not work 
very well here, not until the absorption becomes extremely 
strong. This is a fact that must be taken into consideration by 
any theory that treats the five branch problem as two sepa- 
rated three branch problems. This also shows that solving 
these higher order equations for the five branch problem may 
provide more advantages than the separation scheme, even 
for moderately strong absorption. The example given here 
has demonstrated that the weak dependence of C,,, found 
by solving these higher order equations numerically will be 
difficult to emulate using the separation scheme. The aflir- 
mation of the weak dependence of the X-mode-O-mode 
coupling on absorption does give one confidence that ana- 
lytic expressions (with or without the empirical formulas) for 
the coupling are unusually robust, and may be used for such 
plasma wave trapping scenarios mentioned in the introduc- 
tion over a broad range of parameters. 
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APPENDIX: SOLUTIONS FOR COMPLEX 2 

One possible way to evaluate zjk of Eq. (13) is to per- 
form the integration in the complex z-plane. This can be 
done only if the h function has some good analytical prop- 
erties in the z-plane. We will assume that h is analytic and 
tends to zero at least as fast as ]z]-t for z on or below 
(above) the real axis for the + (-) case. Note that all the 
physical situations we consider here satisfy these assump- 
tions. Also, it has been shown that Fj and ~\Irj are analytic 
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everywhere.13 Then we can change the path of integration of 
Zjk , defined as the semicircles CZ in Figs. 10 and 11, 

1 
‘jk’m c s 

Fj(Z)h(Z)*k(Z)dZ, 
t 

(Al) 

with y=z -z. on the figures for later convenience. The so- 
lutions fj for complex z values are still defined by E$. (5) 
with the same integration contours. The asymptotic behavior 
of the fj on C, can be found by considering the contours of 
asymptotic solutions for z---+m exp i 8, with - rr< 8<0 for the 
+ case and O< (?<a for the - case, see Figs. 10 and 11. Let 
us look at the - case first. After some consideration, one 
realizes that there are five regions of B where these contours 
are topologically different. These five regions are 
OG6<6,, e,<e<e2, d3<8,<8<1~/2=8,, 
19s< 6< t9,>2 ~13, and I!?~< 8G n, see Figs. 5-9. The exact 
values of 8, to 0, are not important to the proof here except 
the fact that 8,>2~13, which can be quite obviously seen 
from these figures. Note that the asymptotic solutions indi- 
cated on these figures have the following asymptotic behav- 
ior, 

zyeiz 1, z4,ae-iz t, 

upaeikOz 1, v,ue-‘koz t, 

s ,ei(2/3)hz3’2 
1 0 < 0 < 21~13, 

P 
T 2rrt3 < 0 < -IT, 

s ae-i(2/3)Ar3’2 t 0 < 0 < 2~13, 

m 1 2~13 < 6 < n-, 

where t indicates that it is an exponentially growing solution 
and 1 indicates that it is an exponentially decaying solution. 

The circles on these figures, with the four quarters being 
black and white alternatively, indicate the saddle points of 
the two slow wave asymptotic solutions. The white quarters 
represent the downhill sides and the black quarters represent 
the uphill sides. The positions of these two saddle points for 
z= Izlexp(i9 are 

k,= -Chz l/2= +-~I~lI/Z~i0/2, 

with crossing angles 4 determined by 

24+;=t;. 

Note that 4 of each circle on these figures is just the angle of 
the middle line that divides the circle into two symmetric 
parts along the two white quarters. We see that the slow 
wave saddle points tend to infinity as IzI--‘m, i.e., for z on 
the contour C- . 

The fast wave asymptotic solutions can be calculated by 
using Hankel’s contour integral,r6 

I cH(e-i~t)-ze-tdt= - 2rri, l-(Z) 642) 

where the contour Cu starts at f = wexp(Oi), comes along the 
positive real axis, turns around the origin counterclockwise, 
then goes back along the positive real axis to 

t =a exp(2ni). The contour of each fast wave has to go 
around a fast wave branch point k, , q = 1,2,3, or 4, that 
comes in along a direction on which 

k-k,=(k-k&-“@-‘=~, 

and goes out along a direction on which 
k-kg”lk-k41e-‘Bf3’~/2. 

These directions are also indicated by the shape of the fast 
wave contours on Figs. 5-9. This means that these four fast 
wave contours have to turn 180” as fl changes from 0 to rr. 

By comparing the topology of the general contours in 
Fig. 4 to those contours in Figs. 5-9, we can find out the 
asymptotic behavior Of fj . For O< 8< 19, (see Fig. 5), 

fl”Sp-+Up-+-SpuUp 1, 

f~Qsp-‘-up-t-vp-‘u,--tvp-tup-‘-sp~u, 1. 

f3as -+- P up-+vp-+up-+-spaup 1, 

fps --t-u P P -+ -vp-+v,-+vp-+up--+ -spaurn 1, 

f5as +-- P Up-+-Up+S,~S, f, 

f7a-sp 1, 

f0Msp-t-up3-vp-‘-v,t-u,--ts,as, 1, (A3) 

where the -+ indicates the order of going through these paths 
so that the contours of the individual solutions will be added 
up to be topologicaily equal to the the general contour for 
each solution fj. We did not show proportiona constants 
which are not important in the discussion here, although they 
are important in getting the scattering parameters of Eqs. 
(6)-(g). For 19,<#<6, (see Fig. 6), 

f1-p 12 

f2=- up3-vp4sp4u,--‘-~p4vp-‘up~u, t, 

f3c”-up-)vp+up~vp 1, 

f4a -up--+ -vp3sp4v,4-sp4vp4upav, 7, 

fs"- up3-vp-ssp3u,--tv,4-sp12-‘s,~s, 1, 

f7u-sp 1, 

fox -up--+ - vp--+sp12-+s,as, t. (A4) 

For rrl3 < o2 < 19< ~i2 = rY3 (see Fig. 7), 

flQp 1, 

f2a- ~~--+-v~+~,--+v~-‘u~~~~ , 

f3~-~p-)qJ-+~p~vp I., 

f4= -up-) -vp-+u,4up--+upav, T, 

f~~-I(p~-vp-'u,--iv,--tup-'up-'s,~s, t, 

fP--sp 1, 

fo"sm t. (AS) 

For 8,< @< 0, (see Fig. 8), 

fP$ Iv 
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y=o SY 

FIG. 12. Integration contours on the complex plane for some of the Z,;(z) of 
fast waves for the - case. 

f2QVm 4U,n4-v,~v,+U, t, 

f3avp 11 

f4QVm t, 

T B < 2~13, 
f5mv,, 

i 

sm 
-+u,+s,~ 

U, t 13 > 2~13, 

i 

1 6 < 2~1’3, 
f7=--sp t 8 > 2~13, 

I 

t 8 < 2~13, 
foas,* 1 8 > 2~13. 

For 0,< 8< n (see Fig. 9). 

fly7 1, 
f2as,~v,--tu,--t-vu,‘-s,av,Su, t, 

f3avp 19 

f4~~,+u,'-~,~v, t, 

f5aS,+v,+U,mU, t, 
fp-sp+-s,l2+-up+-upa-sp t, 

fOaSrn1~ 

646) 

(A7) 

In summary, the asymptotic behavior of the fast wave solu- 
tions f, to f4 for z on the contours C- are 

fl a up a e iz 17 

f2 a urn m e 
-iz 

t, 

f3 a up w e 
ikoz 

17 

f4 x 0, K e 
- ik,p. 

t. (‘4% 

By Eq. (11). it is obvious that Fj has the same asymptotic 
behavior as fj . TO show that ~j, and thus Wj has the same 
asymptotic behavior as fj , we need to define ~j for complex 
2 values using the integral equation (10). By redefining the 
end points of some of the integrals in Eq. (lo), namely end 
points of I;, ,I:, ,I;, ,I:, ,13f3 ,I:4 changed to aeirrt2 (see 
Fig. 12), and end points of 17’ with k=1,2,3,4 changed to 
me irr’3 (see Fig. 13), it can be shown that the $,k in the left 

FIG. 13. Integration contours on the complex plane of f&(z) for k= 1,2,3,4 
of the - case. 

hand side of Eq. (10) will have the same asymptotic behavior 
as fk , provided that the wk on the right hand side of Eq. (10) 
is assumed to have this property. This can be seen by con- 
sidering the asymptotic behavior of each term of the right 
hand side of Eq. (10) for each k. Note that these redefinitions 
of end points will not affect the values of +k for z on the real 
axis. So, wk indeed has the same asymptotic behavior as 
fk, for k= 1,2,3,4, if the integral equation (10) is convergent 
for these solutions. This will be true if h-+0 at least as fast as 
jzj-l, as assumed. Note that the fact that f7asp and fOas, 
for z on C- has been used in this proof. 

For the + case, the integration contour is changed to 
C, defined in Fig. 10. There are also five regions of 0 where 
the contours of the asymptotic solutions are topologically 
different. These five regions are 03 6% - 8,) - B,>8>8,, 
-e,>e>-e,, - e3> e> - e,, and - e4> 62 - ,ir The con- 
tours for this case are symmetric to those in Figs. 5-9, so we 
will not show them here, but will point out an easy way to 
get them from these figures. We only need to make a mirror 
reflection about the imaginary k-axis of those contours in 
Figs. 5-9, then exchange the labels m-p, and change the 
directions of the arrows to the opposite. Then the asymptotic 
behavior off k can be found for each region. For O> 0 - 19,) 

f,a-s,+u,+s,au, 1. 

f2a-s,~vp-‘up-‘-vp-‘-v,--ts,avp+up 7, 

f3a-S,--tv,'S,av, 1, 

f4~-~,+up+~,~up t, 

f5asP--+-up-+-uP-‘s,asP t, 

f6aSrn 1, 

fOasp-'-up-'-vp~-v,~-u,~s,asp t. 
649) 

For -e,>e>-e,, 

f1aun2 1, 

f2~-s,--tvp-fup-$-vp-‘-s,~vpfup t, 

f3avm 17 

fLp-~,4up4~,“up 1, 
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f5~sp+s,12-+sp~sp t, 

fCasm 1~ 

fo~sp-'s,12--'-v,--,-u,~sp t. 

For -e2>e>-e3, 
f1=4n L* 

f2~vp-+up-+--vp~vp+up t, 

f3QVm 1. 

f4Qp T, 

f5~sp--%~u,'~pQsp t, 

f6asm i, 

foasp t. 

For -e,>e>-e,, 
f laum 1, 

f2a -uln+ -vu,4up4v,4u,~up t, 

f3=- U,4V,4U,~Un7 I. 

f4a-urn--+ -v,4vp-+v,4~,~~p 7, 

fsQsp-+v??z-%~ 
sJ t3 > -243, 

V,,,J 8 < -27~13, 

1 8 > -243, 
f6asrn t 0 < -2~13, 

foasp 
i 

T 63 > -2~13, 

1 0 -=z -243. 

For - 6,> O> - IT, 

fl”%  1% 

f3=- ~,--tu,--+u,au, 1, 

f4JbCC-um+-vm+ -sp-wp+sp-+v,-+u,~vp 7, 

(AlO) fSasp-w,+u,w, 1, 

6413) 

In summary, the asymptotic behavior of the fast wave solu- 
tions f, to f4 for 2 on the contours C+ are 

f, CI: u, a e-“l, 

f2 a up a etzt, 
f3J;Vmae II, 

-ikp. 

f4 a Vp Cc 
eikOz 

t. (A14 

(All) Using similar arguments, it can be shown that Fk and Tk 
have the same asymptotic behavior as fk , for k= 1,2,3,4, 
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