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Certain fast wave scattering parameters from a sixth order mode conversion equation, which
represents the coupling of five propagating wave branches in an inhomogeneously magnetized
plasma, are shown to be independent of absorption. However, the mode conversion coefficient
C,3 between the X-mode and the O-mode where both propagate in the same direction is not one of
these. A recently developed analytical method is applied to calculate C,3 and one of the nonzero
reflection coefficients. Empirical formulas are found for these two coefficients. The result shows that
C,; is not exactly independent of absorption, but for many cases has an unusually weak dependence.
This explains a previous numerical result showing that C,3; is independent of absorption to
numerical accuracy. The coefficient C, is also calculated by the same method and is shown to be
equal to C,3 as required by a proven reciprocity relation. The weak dependence of C,; on

absorption has to be taken into consideration by any theory that attempts to treat a five branch

problem as two separated three branch problems. © 1994 American Institute of Physics.

1. INTRODUCTION

Effects like transmission, reflection, mode conversion
and absorption usually exist when a wave propagates in a
weakly inhomogeneous medium through a back-to-back
resonance-cutoff region. These phenomena can be modeled
by different kinds of high order one dimensional ordinary
differential equations (called mode conversion equations
here). Many of these equations have been derived to study
the mode conversion effect between fast waves and slow
waves, or between X-mode fast waves and O-mode fast
waves, in a weakly inhomogeneously magnetized plasma.
This latter case permits some interesting scenarios for acces-
sibility, since at the various electron cyclotron harmonics,
there is a region where an X-mode from the low density side
encounters first the R=0 cutoff and then the upper hybrid
resonance, where it again propagates, but this region is ef-
fectively inaccessible from the outside (and the outside is
inaccessible from the inside). Because of the coupling be-
tween the X-mode and the O-mode with finite k| in an inho-
mogeneous plasma at these harmonics, the region is weakly
accessible through mode conversion where both the X-mode
and the O-mode are coupled to a Bernstein mode and hence
coupled to one another. Without absorption, this coupling
can be treated as a two step problem where each of the cold
waves are coupled to the Bernstein wave in a standard mode
conversion analysis, and then these two results can be cas-
caded to obtain the coupling between the two cold modes.
With absorption, however, the cascading of the two separate
mode conversions is more problematical, as an earlier analy-
sis of the unseparated problem, which includes the X-mode,
O-mode, and Bernstein mode simultaneously seemed to
show that the X-mode-0O-mode coupling was independent of
absorption'? whereas the cascaded approach shows strong
dependence on absorption. Since the coupling is weak in
either case for laboratory plasmas, this effect is probably
unimportant for fusion, but for magnetospheric and astro-
physical plasmas, this coupling could lead to leakage of
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wave energy from a region with either a density maximum or
a density minimum where the cold X-mode may be trapped,
but the converted O-mode may escape.

Because the full wave coupling models of mode conver-
sion are so complicated, being ordinary differential equations
of sixth order for the second harmonic and eighth order for
the third harmonic, it is difficult to obtain good numerical
results over a wide range of parameters. This paper exploits
a new method for including the effects of absorption using
only asymptotic methods which result in fast and accurate
results for certain coupling coefficients (including the impor-
tant X-mode-O-mode coefficient), and also proves that sev-
eral other coefficients are independent of absorption so that
analytic results are validated. For the cases where there is
only conversion between a single cold wave and a warm
wave, the model equation is a fourth order equation of the
form (e.g., Refs. 3—8)

PN (Y )+ =h(2) (P + P), o

where h(z) is the absorption function which must fall off at
least as fast as z 7! as |z|—o, and with A and 7y being real
constants. This equation describes coupling of three branches
of propagating waves, two fast wave branches (one on either
side, both X-mode or both O-mode) and a slow wave branch
on the z>>0 side. We call this a three branch problem. An
equation that describes coupling of five branches of propa-
gating waves is’

PN YO+ (LK Y+ RG]+ y2 '+ yotb
=h(z)[ ¢+ (1 +kg) "+ k301, )

where N, ¥,, v and k, are real constants. The parameter
ko is the ratio of the wavelengths of the two fast wave
branches as |z|—o and has been chosen to be always
smaller than unity here. The dispersion relation for this equa-
tion is

— KOS+ N[kt — (1 + K22+ k5] — v k2 + v, .-
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FIG. 1. Schematic plot of the dispersion relation for the + case.

This relation is plotted on Figs. 1 and 2 for two cases,
namely a;,a,>0 (+ case) and a,,@,;<0 (— case), where

ay=(1+y,— %)/ 2N} (1—k3),
ay=(—k§— yoks+ yo) 12\ Pko( 1 — k3. 3)

These two equations can both describe physical situa-
tions like second ion cyclotron harmonic and second electron
cyclotron harmonic in an inhomogeneously magnetized
plasma. It is well known that only the X-mode exists along a
direction perpendicular to the magnetic field if the wave fre-
quency w is smaller than the plasma frequency w,. Hence a
five branch problem only exists for w>w,, and it must be a
five branch problem whenever the X-mode is propagating
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FIG. 2. Schematic plot of the dispersion relation for the — case.
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because the O-mode always exists for this case. However,
Eq. (1) is frequently used to model the X-mode for all w.
This is because the coupling between X-mode and O-mode is
usually weak (especially for small ky, the component of the
wave vector along the direction of the magnetic field) and it
is sometimes argued that we can treat the five branch prob-
lem as two separated three branch problems. Moreover, since
it was found that all mode conversion coefficients of a three
branch problem tend to zero as absorption increases, the cou-
pling between the X-mode and the O-mode should become
vanishingly small when the absorption is strong. Note also
that other researchers, using the phase space method to study
the mode conversion problem, also believe that multiple
mode conversions can be treated individually and combined
with the eikonal method if the mode conversion points are
separated in phase space.'

Another mode conversion equation that describes a five
branch problem is an eighth order equation®'?

P el = N2+ (LKW + RGP = vl = vod
=LY+ (Y +hgd] )

which can model physical situations like the third jon or
electron cyclotron harmonic,

One surprising result from a previous study was that the
nonzero mode conversion coefficient C,4 from Eq. (4) be-
tween the X-mode and the O-mode branches propagating in
the same direction appeared to be independent of absorption
to the numerical accuracy*? (note that it is called Cy4y in Ref,
2). If this result were true, then there is a great difficulty in
understanding this by the separation scheme. The difficulty is
that for large absorption, all mode conversion coefficients
between fast and slow waves vanish for the two individual
three branch problems and it is hard to imagine why the
mode conversion coefficient between the two fast modes
does not vanish after the two three branch problems are com-
bined into a single five branch problem since the coupling is
via an intermediate slow wave, Before we investigate further
along this direction, it is better to calculate the same coeffi-
cient using other analytical methods to check this numerical
result. We will present in detail the theory for Eq. (2) only,
but will show that the results from both Eqs. (2) and (4) are
very similar.

There is a standard method to calculate all scattering
parameters from mode conversion equations like Eqgs. (1),
(2) or (4) analytically for 2 =0.""12 For h+0, there exists a
well developed numerical method to calculate solutions and
scattering parameters from these equations.*”? This method
involves solving a “homogenecus equation” (i.e., with
h=0) by numerical contour integrations and then solving the
“inhomogeneous equation” by converting it into an integral
equation which is solved iteratively, using the solutions of
the former equation to form the kernel. The scattering param-
eters can then be calculated by numerically integrating an
integral involving 4 and solutions of these two equations.

By considering contours for the solutions of Eq. (1) with
h=0 for complex z values, Swanson and Shvets were able to
show that some of these integrals are identically zero.!’
Thus, fast wave transmission coefficients from both sides
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FIG. 3. General contours of f;’s for the + case.

(which are equal to each other) and the fast wave reflection
coefficient from the side which encounters the resonance be-
fore the cutoff (which is identically zero), were shown to be
independent of absorption. Here we extend this proof to
cover Eq. (2) to see if the coefficient C,3 can also be shown
to be independent of absorption. This extension turns out to
be not quite straightforward. By this proof, many fast wave
scattering parameters are shown to be independent of absorp-
tion. However, as we will see, the coefficient C,; is not one
of them.

We then apply a recently developed analytical method'*
to calculate C,5. This method generates an analytic series
which can be summed numerically. For completeness, we
also try to apply it to calculate other nonzero fast wave scat-
tering parameters. It turns out that this method only works
for C,3(C3,) and R, which is the nonzero refiection coeffi-
cient for the fast wave with the longer wavelength. Empirical
formulas are found for both coefficients. From these results,
we find that C,3 is not identically zero, but the dependence
on absorption is usually much weaker than for other coeffi-
cients when kg is close to unity. We will also calculate Cj,
using the series method to see if it is equal to C,; as required
by the reciprocity relations which have been proved
analytically.'>?

In the next section, we will present the integral equations
of Eq. (2) for both * cases. We will show in Sec. Il how to
generalize solutions of the ‘“homogeneous equation” for
complex z values using contour integrations in the complex
k-plane. In Sec. IV, we will be able to see why some scat-
tering parameters are independent of absorption and why
some scattering parameters can be calculated by the series
method. Numerical results for C,5, R4 and C;, will also be
presented there. Discussions and conclusions will be pre-
sented in Sec. V.
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FIG. 4. General contours of f,’s for the — case.

II. INTEGRAL EQUATIONS

The homogeneous equation for Eq. (2) is
PN+ (RS + kaf 1+ vof "+ yof =0.

This equation can be solved exactly by using the method of
Laplace:®

fi(z)=c;| Qk) '[exp zg(k)] dk, (5)
Ty

FIG. 5. Topology of the contours for z— exp(i6) with 0=<<6<8,, plotted
for 6=0.
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FIG. 6. Topology of the contours for z—« exp(if) with §,<6<6,, plotied
for 6=/3.

where the I'; are contours in the complex k-plane which
must end at infinity with approach angles of #/6, 57/6, or
34/2, and

4

o
g(k)=—ik=—{ S(k)+ 2 a, In(k—k,) 1,
g=1
with
S(k)=~[k* 3+ (1+kDHEUN?,  Q(k)=(k>—1)(k2—K3),
ki==ky=1, k3=—ks=ko, a1=—a,, a=—ay

of the

FIG. 7. Topology
TI<G<I<T2=6,,

contours for z— exp(if) with
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FIG. 8. Topology of the contours for z—® exp(i@) with #/2<8<6,>2m/3,
plotted for 6=2u/3.

Note that the corresponding f; for Eq. (1) is often calculated
by integrals in the u-plane, using a transformation k=i tat u
in an equation similar to Eq. (5). The main advantage of
working in the u-plane is that there is no branch cut in the
u-plane while there is one branch cut from k=1 to k=—1
for Eq. (1) in the k-plane. However, since there are two
branch cuts (the other is from k=kq to k= — k) for Eq. (2),
we cannot avoid them by introducing the u-plane.

We will only consider the two cases (£ cases) defined
before (see Figs. 1 and 2), and note that the directions of the
incident waves of the solutions f; are indicated by the

FIG. 9. Topology of the contours for z— exp(if) with 8,<é<m, plotted
for =
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arrows on the curves. The general contours I'; for the two
cases are shown in Figs. 3 and 4. Figures 5-9 show the
contours of asymptotic solutions for some complex z values
with |z]—o for different phase angle 6, where

=|z|exp(if). We will look at these figures in more detail in

|

[0 T, 0 Ciu 0 Cy "+ f1 l
I Ry 0 Cyy 0 Cye u_ fa
0 Cy 0 T3 0 Cy Vi | —oe—zf f3
0 Cpp 1 Ry 0 Cyueyy v- fa
0 Cs2 0 Cs4 0 Csg o+ fs
0 Ceo 0 Cea 1 Rs g- / fs
for the + case, and
Rl 1 Ci3 0 0 Cy u- S
T 0 Cy;3 0 0 Cy Uy fa
Cyi 0 R; 1 0 Cs vo | —oez| f3
Cy 0 T, 0 0 Cu L Sa
Csp 0 Cs3 0 0 Cs6 o4 fs
Coi 0 Cs3 0 1 Rg o- fs
for the — case, with scattering parameters given by
Ry, T, C;3 Ciy Ci5 Cys
Ty Ry Cy3 Cy Cps Cy
S = Gy C3 Ry T3 G35 Cy _ 50
Y Cy Csp Ty R, C45 Cye v
Cs; Csp Cs3 Css Rs Cse
Cei Cer Cs3 Coa Cos Rg
0 T, 0 0 -c,
T, Ti* -c,.c, T,C,C, T.T.C,
c,.C, O T, -T.C,
S0 =
i o T,C.C, T, c? T,T,C,
-¢c, T1,7°)C, -T,C, T,T,C, TT?
0o T,C, 0 c, T.T,
where T,=exp(—ma|), T,=exp(—mas|), C2=1-T2,

2_ 2 . " .
C,=1—T, and the six basic waves types are given asymp-
totically by

T, exp{=i[S(1)=s,+z+ ayln|z|1}

= s

Cuay(1- k)T (£iay)

— T, exp{*i[S(ko)—s,+koz+ aylnlz|]}

va= Coasko(l— k)T (= iag) ’
sgn( e 2 2
= %exp{ *‘i[g)\zyz—(l-i-kg) z—)\—— ’7T/4H,
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the next section. To find the asymptotic behavior of f; for
real z, we can match these general contours to those contours
for z— oo which are shown in Figs. 5 and 9. Then, with a
suitable choice of constant ¢, we can express the asymptotic
behavior of f; as

‘ Rl 1 C13 O ClS 0 u,
T2 0 C23 0 C25 0 u_
Z— 0 C31 0 R3 1 C35 0 U
— .. 0 T, 0 .- 0 1 ? (6)
Y4 v 44 v U450V v
C51 0 C53 0 R5 0 S—
C61 0 C63 0 C65 1 S+
0 Tl 0 C14 C15 0 u._
1 R2 0 C24 C25 0 Uy
Z7— 0 0 C32 0 T3 C35 0 U_ (7)
- 0 C42 1 R4 C45 0 Uy ’
0 C52 0 C54 R5 1 S
0 CGZ 0 C64 C65 0 S
0
r,c,
0 8
e | ®
r,T,
172
|
l\/_—ew(a1+a3) ‘ i1/2
i r e BRI
sgn( a,) yme™ @2t @w) 2
o= NP exp —§>\,Z|3/2
I |1/2
—(1+k3) ] ©
with
su=alln2+a3ln(l+k0/1—k0),
C. S. Ng and D. G. Swanson 3755
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sv=alln(l+k0/1 —k0)+a3ln(2ko).

Note that only f, to f5 are physically allowed in an un-
bounded region since Fg is exponentially growing. Using
these we can find an integral equation that solves Eq. (2),

lelk _Jfaly  CC, fil5
he=fi— T, T, T.T, > fal 1= Folon— T,
I, C.C,
~f3T4k T.T, f114k fOIGk, for the + case,
v
il Sl
| I + 1
h=fit T, T, TTf14k SFrlok

fZITk f41;.k Cqu + +
T, T, + 7.7, Fal i+ folag

for the — case, (10)

where

= B

fk”—‘mf Fi0)h(n) ¥ l3)dy,
with

Fi=f7+(1+k3)f{"+ koS

=9+ (L+k) ¥ + k3
and T,T,fo=fs—T,C,f3—C,f1 for the + case, and
Fo=T. T fs+T,Co.f2+Cofs, f1=Ff6—C.f IT,T,—C,f3/
T, for the — case. Note that fo—o_ as z— — for both
cases. Equation (10) can be solved iteratively using ¢, =f;
as the first trial function with f} calculated numerically by
Eq. (5). This can be done for the five physical solutions,
k=1,2,3,4,5, if h(z) falls off at least as fast as z~' as
|z|—o. For the k=6 solution, this can be done only if
h(z)0.(z)—0 fast enough as z— —o. After solving Eq.
(10), scattering parameters can be found, making use of Egs.
(6)-(8), by

(11)

Su=S0Fn;=8P%1;, for * cases, (12)
with
Ijk=_1-_2'fw Fi(2)h(2)¥(2)dz, (13)
2N e

where the second equality in Eq. (12) is by a reciprocity
relation ;=1;; which can be proved from the symmetric
properties of the integral equations.? From Egs. (8) and (12),
we see that S, =S,; is a symmetric matrix. In the Appendix,
we show that some of these I, are identically zero for some
kinds of & functions, and thus some scattering parameters are
independent of absorption and can be expressed by Eq. (8).

lii. SCATTERING PARAMETERS
A. Independence of absorption

By the definition of /;; in Eq. (A1) and the asymptotic
behavior of ¥ and F;, described by Eqs. (A8) and (A14),

on the contours C . for the two cases, we know immediately
that for certain reflection (/;;) and conversion coefficients,
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Iy =l=113=13=114,=141=0.
Using the fact that on C.., h~@|z| '), and
Fr~Az| ™ fu)s

for k=1,2,3,4, by Egs. (9) and (11), we also know that for all
of the fast wave transmission coefficients,

12=I21=134=143=0.

Then from the relations of the scattering parameters with
I in Eq. (12), using Eq. (8), we can find certain fast wave
scattering parameters analytically, namely:

T\=T,=T,, T3=T;=T,
R =R3=C3=C3;=C3=C4=0.

Obviously, these scattering parameters are independent of
absorption.  However, the conversion  coefficient
C,3(=C3,) which has been found numerically to be inde-
pendent of absorption is not one of these. So we need to
calculate it by another method.

B. Series method

In this section, we will apply a recenily developed ana-
lytical method to find the series expressions for some of
these nonzero fast wave scattering parameters. The correct-
ness of this method has been shown by the very good agree-
ment between the results from the series method and the
integral equation method in calculating the nonzero fast
wave reflection coefficient from Eq. (1).!* The derivation
here will be very similar to Ref. 14 and we refer to it for
details that are omitted here.

Since we need to perform explicit calculations in this
section, we need io specify the absorption function . We
will consider two kinds of functions that appear frequently in
physical situations. For the nonrelativistic cases, we use

R(2) =N, {F1Z(= )], (14)
for * cases, and for relativistic cases from Eq. (2},

R(z)=N k[ {1 F(FL-T712)], (15)
and for the relativistic cases from Eq. (4),

h(z)= =N k[ L= 1 Fgpn(F{—9/2)], (16)

where Z( ()—‘z\/_ w({) is the plasma dispersion function,
and w is the error function for complex argument,'® and F,
is the relativistic plasma dispersion functlon,1 18 and
{=(z—z0)/ k, where k is a real parameter characterizing the
strength of absorption. Note that Z({), Fq({) and
Fos2(&) are analytic functions and have zeros oaly in the
lower half {-plane. We will also assume that
20=—"% /k(z,)\z, which is often the case for physical situa-
tions. We refer to Refs. 1, 2, and 9 for the dependence on
plasma parameters of the dimensionless parameters
A2, > V22 Yo» ko and «. In the calculations here, we will use
these dimensionless parameters as inputs so that the conclu-
sions are not restricted to a particular physical situation.

First we need to expand A(z) in an asymptotic series
over C. for the two cases,

C. 8. Ng and D. G. Swanson

Downloaded 09 Aug 2001 to 128.255.34.168. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/pop/popcr.jsp



h(z)— 2—%

We have already shown a general method to do so, for those
functions of Egs. (14)-(16), in Ref.14.

For the mode conversion coefficient C,3=-C,C,
¥ I,, for the = cases, we have, by Eq. (A1) and the asymp-
totic behavior of Egs. (A3)~(A13),

1
b= FA@M 022

= m)xf FynMR()Y 5(y)dy, for + case,

= oaine f Fypy(0)R(Y)¥ m(y)dy, for — case,

(17)
where y=z—z, and
= S %un i(y+ayin y)
\I’up(y)=TuCu2 _y_n_ e 2 )
n=1
*
Yom(y)=c, ':ln e"()""azlny),
n=1
Fop(y)=Tyc, R gilkoy+aglny)
n=1
@ sk
va()’)EC:‘ U p~ilkoy+ayln y), (18)

with ¢, , ¢, being the coefficients of u, and v . in Egs. (9),

T, exp{i[S(1)—s,+20]}

T e (1~ (i)
T, exp{i[S(ko) — s, +kozo]}
€= C a4k0(1 ko)r(lazt) .

Similarly, we can calculate the mode conversion coefficient
C32= — Cucv:lz:;, with

1
23:277'1’)\2fC:F2(Z)h(Z)‘I'3(Z)dz,
- m)\f Fop(0)h(3)¥ ym(y)dy, (+case),

= oz ] RO 00y, (—ease), (19

where the definitions of F
lar to Egs. (18),

up uma \pupa and \pum are simi-

\IIUP(Y)ETUCU - ei(koy+a41n y),

n=1
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oo

£ O Yo
Vom(y)=ct 2 €

—i(kgy+ayln y)
?

o ~

un
et(y+ asln y)’

Fup()’)E Ty,

n=1

~ %
un e—-i(y-!—azln y). (20)

Fum()’)ECu

n=1

From Egs. (A3)-(A13), we also see that we can calculate the
reflection coefficient Ry = C%l 1,4 by the series method, with

L f Fy(2)h(2)¥ 4(2)dz,
Ca

- m}\f Fop(y)h(y)¥,,(»)dy, (+case),

N x’f Fumh()¥,n(y)dy, (—case).
C.

(21)

However, we also see that the senes method is not able to
calculate the coefficients R,= T c? 2=l and Cyy=Cyy
=T,C,C,*1,,. The reason is that by Egs. (A3)-(A13),
f2°cvp+u,, for —~m/2<6<0 on C, and f,*v,,+u,, for n/2
<@<mon C_. It is obvious that the contributions from the
Up OF U, terms to Iy, or I4; cannot be proved to be zero so
that, e.g.

1
It 7o | o P DbV up()dz,
(22)
1
L gz Forl Y2

for the + case. Moreover, we do not know how to calculate
these contributions since v, or v, only appear on half of a
semicircle. There is another reason that, as we will see, even
if Eq. (22) were true, the series from the right hand sides are
found to be divergent numerically.

To calculate the coefficients «,, and «,,, we can sub-
stitute the asymptotic series of ¥,,, and ¥, of Eqs. (18)
and (20), making use of Eq. (11), into Eq. (2), requiring that
all terms vanish. The result for a,, is

Ayp=a,4—(1 +k(2))a,,,2+k(2)a,,'0, n=1, (23a)

1
0= I +i(n— n—1,m
ano mz(l_ko)n{[az i(n 1)1[20«: L

—N2zp0,,— N (ay+in)

X[ap-12+2ap-1,+(2—kd)ap-1,0]

n—1
+72(an—1,1+an—1,0) +2 hn—maum], (23b)

m=1
Api=app-1+topti(n—1)]a,_ 4-1, k=1,2,3,4,5,
(23¢)

C. S. Ng and D. G. Swanson 3757
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y=occe

FIG. 10. Integration contours on the complex plane for the + case.

and ag ,=1. We can also use Eqgs. (23a)-(23c) to calculate
@,, by putting 4, =0.
Similarly for «,,, ,

av,,=a,,.4-—(1+k(2,)a,,‘2+k(2)an,0, n=1 , (24a)
i 5
0= T 2 +i(n—1 -
0T 2iNko(ka— )n [[““ ok ”[?‘Ok "n-1m
'—Azanvn_}‘z(a4+in)[an—l,2+2k0an-'1,l
+(2k§—1)a, 1 0]
n—1
+y2(an-],l+k0an—l,0)J+2 hn-—mavm]’ (24b)
m=1

api=anp-1Hlegti(n—1)]a,- x~1, k=1,2,3,4,5,
(24¢)
and ag ;= 1. Similarly we use Egs. (24a)—(24c) to calculate
a,, with h,=0.
Now that we have an exact asymptotic expansion of the
integrands of Eqgs. (17)—(21), we can write down the series
expressions for those integrals, making use of the result

zf d_ye:i(5y+mny)
n
c.Y

=27e™2 51T+ (YYD (nFiA),

I

= )4

for real >0, where we have changed the contours of inte-
gration from C. to C. in Figs. 10 and 11, using Hankel’s
contour integral Eq. (A2).

We finally have, for the + case,

l’,n.2 TgeZi[S(ko) —Sv+k020]

R,=C+ —(2
T N0k (1 - k)2 CPT (i)

kO)Zia4

Yn(2ikg)"
2 F(n +2ias)’
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FIG. 11. Integration contours on the complex plane for the — case.

iWZTuTuei[S( 1}=S(kgl=s,+s,+ (1 ~k0)z0]
}\,2020’41(0( 1 —k(z,)zCquF(ia'g)l"(ia'3)

Yal (1 —kg)]*
F[n+t(a1 as3)]’

Crz=—C,C,~

X (1 _ko)t(al a3 12

(25)

where vy, is the coefficient of the y ™" terms of the integrand
after combining the three series from F, ¥, and #,

n=3,

n-2
Yn= 2 Br-mbm
m=1

n—1

= 3
Bn_ 2 a’u(n—m)avms n?Z, fOr 623,
m=1

n—1

Bo= 2 Cyin-mom, n=2, for Ry (26)

m=1

The series for the — case is formally the complex conjugate
of Eq. (25), but may have different 4, . The series for the
coefficient C, is also formally identical to the Cj; series in
Eq. (25) with only a change of B, in Eq. (26) to

n—1

= 2 &u(n—m)a:‘m’

m=1

Note that we can also calculate the three corresponding
coefficients for the eighth order equation (4) using Eq. (25)
with the sign of the second term (the term with the summa-
tion) of both expressions changed to the opposite. But now,
instead of Eq. (3),

ay= (1= v+ v2— v0) 2N} (1—Kk),

ay=(~ko+ vk — v2k3+ yo) 2\ ko( 1 — k),

and
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B (1+ki—ye)k®
S(k)=— ?4.2_03_.&

+[(1=ye)(1 +k§)+k3]k} /v.

Also, a, ¢ in Eqgs. (23b) and (24b) have to be calculated by
slightly more complicated recurrence formulas respectively,

1
an,O_m [a,+i(n—1)]

7 5
2 2
X Z an—l.m_YGE an-—-l,m_)\ 2@y~ AN (s

m=0 m=0

+i")[an—l,z"'zan—l,l+(2“k(2))an—1,o]
n—1

+72(an—l,l+an—l,0) _2 hn—maum )
=1

7
1
0= | [aati(n- kg "y -
anO 21)\.2k0(k0'—1)n [a4 l(n 1)] mz=0 4] a 1,m

5
5— 2 2 .
~ v 2 ki "ap-1,m—NzZo@yn— N (ayt+in)
m=0

x[an—1,2+2koan—1,1+(2k(2>“ Da,_1,]
n—1

+72(an—1,1+k0an—-1,0) +2 hn-mavm ’

m=1

where the first equation replaces Eq. (23b) and the second
equation replaces Eq. (24b).

Let us consider the nonrelativistic case using Eq. (14) as
the h function first. The series for C,3 in Eq. (25) is then
evaluated numerically. Since the asymptotic series of 4 for
both * cases are the same, the C,3 values from both cases
are simply complex conjugate to each other so that the ab-
solute values of them are identical. An empirical formula is
found for it from numerical results,

|Casl2~C2C2e (I ka 02, 27)

for small |a,|, |a4|, not too small A? and not too large .
However, the series is not uniformly convergent. One radius
of convergence is numerically found to be ky>1/3 (note
again that ko has been chosen to be smaller than unity al-
ways), independent of other parameters. The analytical rea-
son for this divergence is not clear for now, but it is found
that this radius is not very clear cut. For not too small ky and
not too large «, the series first converges to a value expected
by the empirical formula Eq. (27) and then diverges away. In
examining the convergence of a similar series for a three
branch problem, it was found that the convergence radius in
x was a function of machine precision, so it is believed that
the apparent divergence in « is not fundamental, and that the
series is probably absolutely convergent in «. The depen-
dence of the radius of convergence on k, is different, how-
ever, and may truly represent a finite range of ky over which
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TABLE 1. Nonrelativistic case with A2=20, |a,}=0.12, |@,|=0.001, and
«=2. Note that P;=0.3317%.

ko n Pi Py P 923 933
0.1 8 00618 00618 00627 10376 10280
0.2 8 0.0914 0.0914 0.0921 1.0067 1.0012
0.3 23 0.1258 0.1258 0.1262 0.9892 0.9860
0.4 157 0.1627 0.1627 0.1630 0.9890 0.9867
0.5 152 0.2023 0.2023 0.2025 0.9886 0.9870
0.6 147 0.2417 0.2417 0.2418 0.9882 0.9870
0.7 140 0.2776 0.2776 0.2777 0.9878 0.9868
0.8 132 0.3065 0.3065 0.3065 0.9873 0.9866
0.9 119 0.3252 0.3252 0.3252 0.9867 0.9863
0.95 109 0.3300 0.3300 0.3300 0.9863 0.9861
0.99 90 0.3316 0.3316 0.3316 0.9860 0.9860
0.999 72 0.3317 0.3317 0.3317 0.9860 0.9860

the series converges. In Tables I and II, some values of
P3=100|C,;|? are shown, along with the values of g,;
which is defined by P,3;=100P, exp[—gas(l~kg)*k%/2],
with Py= CiC%. Note that g,5 equals to unity if the empiri-
cal formula Eq. (27) gives the exact value. The values n in
Table I is the number of terms summed in the evaluation of
the series Eq. (25). For those values with kq<<1/3, we stop
the evaluation at a term which has the smailest difference
between the values if one more (or less) term is summed,
because of the divergence problem. The n values for those
data in Table II is from 150 to 153, but remain the same for
each line of data. Note also that not all digits shown on these
tables are significant figures. Only those digits without an
underbar remain unchanged if one more (or less) term is
summed. These nonconvergent figures are shown in order to
compare the convergence properties with other series.

One obvious quantity to be compared with C,; is the
C3, coefficient, because mathematically it should be identi-
cal to C,3 so that if the values from the series of these two
differ with each other, we know they cannot both be correct.
This may indicate that neither of the values are truly con-
verged or that there are other errors. So we also show the
values of P3,=100|C3,|? in Tables I and II. The values of
q32 defined similarly as g,; are also shown in Table II. We

TABLE II. Nonrelativistic case with A2=200, |a,]=0.12, |a,|=0.001,
and ky=0.5. Note that P4=0.3317%.

K P3, Ps P 432 923 923
0.1 0.3312 0.3312 0.3312 0.9904 0.9904 0.9903
0.5 0.3216 0.3216 0.3216 0.9903 0.9903 0.9902
1 0.2930 0.2930 0.2931 0.9902 0.9902 0.9900
2 0.2022 0.2022 0.2022 0.9894 0.9894 0.9892
4 4.622e-2  4.622e-2 4.625e-2 0.9853 0.9853 0.9851
6 4.148¢-3  4.148e-3 4.157e-3 0.9737 0.9736 0.9732
8 1.801e-4  1.803e-4 1.818e-4 0.9398 0.9397 0.9386
10 6.603e-6 6.694e-6 6.830e-6 0.8660 0.8649 0.8632
12 2.560e-7 2.843e-7 2.918e-7 0.7819 0.7761 0.7746
14 78879 1522-8 1.556e-8 07165  0.6897  0.6838
16 1.916e-10 3.434e-9 3.454e-9 0.6647 0.5746 0.5744
18 4.419-12 3.787e-9 3.787e-9 0.6183 0.4516 0.4516
20  283le-1l 63469 6.248e9 04637 03554  0.3557
22 345.3 345.3 345.3 —-0.1148 ~0.1148 —0.1148
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see that the two quantities P,; and Pj;, are identical to each
other when k32 0.3 and x<<10. The deviation for small k is
obviously due to the divergence problem of the series. Also,
when « starts to grow larger, we know from calculations that
the terms in the series grow to large values and then de-
crease, but at the same time the coefficient tends to zero.
Since we can only compute it using finite precision and only
a finite number of terms can be summed, we know that the
series must effectively diverge beyond some large x value.
The fact that P,3 and P, in Table II do not get smaller for
x>18 shows the error is starting to get large so that the
values before that may also not have fully converged to the
true values due to the subtraction errors. This can be seen by
the fact that P,3% P3, for 12<k. One interesting fact is that
P,; agrees with P;, again after the series obviously has
encountered numerical difficulties (see the values at x=22).
Being different from the divergence problem for small &g,
this error is only numerical and there probably does not exist
a finite radius of convergence in «.

Another quantity to compare with is the C,3 coefficient
from the eighth order equation (4). The values of P£3 and
g3, defined similarly, are also shown in Tables I and IL. We
see that the values of Pj3, g33 are very close to P,3; and
q13 respectively, even for those values that are not fully con-
verged. This shows that the two series have very similar
convergence properties. This agreement is also found to be
true for cases with different parameters, Obviously, the em-
pirical formula Eq. (27} is also valid for this case.

An empirical formula is also found for R,,

IR [2~C4ef2k;;x2
4 v ’

for small |a,], a4, not too small A% and not too large .
This empirical formula is consistent with that for R, of the
fourth order equation (1), |R,|?~C* exp(—2«?), since as
|@,]—0, the five branch problem represented by Eq. (2) be-
comes a three branch problem represented by Eq. (1) and
then Ry;— R, with kgx— k. However, the radius of conver-
gence for this series is kg<<1/3, just opposite to that of the
series of C,3. For kg larger and near 1/3, the series also first
apparently converges to a certain reasonable value and then
diverges away.

Let us now consider the relativistic case by using Egs.
(15) as the # function. Since now the h function for the *
cases are slightly different, we will do our calculation mainly
on the — case. The empirical formula for C3, is now

IC2312“C3C5€"7(1"‘0)2"2}2- (28)

The radius of convergence k4> 1/3 is the same for this case,
but now there is another radius of convergence
(1 —kg)x<1, similar to the radius of convergence «<<0.5 for
R, from Eq. (1) for the relativistic case. Some values of
Py3, and gp3;, which is now defined by
P33=100Pg exp~g37(1 —kg)*,/2), are shown in Tables
IIT and IV, Note that this empirical formula Eq. (28) also
works for the + case. Actually, it works even slightly better
than the — case. The values of C,; are generally close for
the two cases. The g,4 values for the + case, which we call
53, are also shown in Table III.
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TABLE HI. Relativistic case with N>= 100, |a,{=0.12, |a,=0.001, and
xk=0.6. Note that P4=0.3317%.

kg n Py Py 973 93 923
0.1 8 01313 00985 09082 09249  0.9922
0.2 15 0.1657 0.1364 0.8606 0.8573 0.9253
0.3 31 0.1923 0.1649 0.8824 0.8799 0.9447
0.35 159 0.2062 0.1803 0.8929 (0.8907 0.9532
0.4 157 0.2202 0.1961 0.9030 0.9012 0.9610
0.5 152 0.2480 0.2284 0.9222 0.9210 0.9744
0.6 146 0.2744 0.2600 0.9397 0.9389 0.9845
0.7 140 0.2976 0.2886 0.9551 0.9546 09908
0.8 131 0.3159 0.3115 0.9681 0.9679 0.9934
0.9 119 0.3276 0.3264 0.9785 0.9784 0.9918
0.95 108 0.3306 0.3303 0.9826 0.9825 0.9894
0.99 90 0.3316 0.3316 (.9853 0.9853 0.9867
0.999 72 0.3317 0.3317 0.9859 0.9859 0.9860

We also did calculations on C;, for both cases. The val-
ues of C,; and C3, agree whenever the series converge. We
did not show Cy» and g3, in Tables ITl and IV because they
are simply the same as C,; and ¢g,3.

The empirical formula for R, for this case is

|R4l2% Cie— l4kgl<2‘

for small |a,|, |a4), not too small A? and not too large «.
This empirical formula is also consistent with that for R,
from Eq. (1), |Ro|*~ C*exp(—14/?).

The values of Pj, and g, calculated by using Eq. (16)
as the A function for the eighth order equation (4), are also
shown in Tables IIT and IV. Because of the difference in the
h function, the empirical formula for this case becomes

‘C23l2’“cicge—9“_ko)zkziz- (29)

As a result, the P, values in Tables III and IV are generally
different from the P, values, but still ;5 are very close to
g3, where q33 is now defined by
P3=100P exp[—q3:9(1 —ko)*1%/2]. If we use the negative
of Eq. (15) as the h function instead, and calculate Py, and

TABLE IV. Relativistic case with A¥=100, [a,]=0.12, |a,}=0.001,
k¢=0.9, and n=119, Note that P4=0.3317%.

K Py Py’ Py 923 g23" 933
0.6 0.3276 0.3276 0.3264 09785 09784 0.9784
0.8 0.3245 0.3245 0.3225  0.9749 0.9748  0.9747
1.0 0.3206 0.3206 0.3175 0.9709 0.9708 0.9707
1.2 0.3159 0.3159 0.3115 0.9666 0.9664  0.9664
1.35 0.3119 0.3119 0.3065  0.9631 0.9629  0.9628
1.5 0.3075 0.3075 0.3010  0.959%4 09592 05591
1.6 0.3044 0.3044 0.2971 0.9568 0.9567  0.9565
1.8 0.2977 0.2977 0.2887 0.9514 0.9512 0.9511
2.0 0.2905 0.2905 0.2798 0.9457 0.9455 0.9453
2.2 0.2829 0.2829 0.2703 0.9396 0.9394 0.9391
2.5 0.2706 0.2706 0.2554 09300 09298 0.9204
3.0 0.2488 0.2488 0.2293 09125 0.9123 09117
3.5 0.2261 0.2261 02028 0.8935 0.8933 0.8924
4.5 0.1813 0.1814 0.1528 0.8520 0.8517 0.8501
6.0 0.1234 0.1234 0.0935 (0.7846  0.7844 0.7816

8.0 0.06999  0.07004 00454 0.6945 0.6942  0.6903
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q;3 defined similarly to P,3; and ¢,3, even the values of

P;3 will be very close to those of P,; as can be seen from
Table IV. This shows that the convergence properties of the
two series from the sixth and eighth order equations are very
similar. Similarly, the empirical formula for R, for this case
is,

[Ryf?~Cle" 18k3x%

We see that the factor before «? in these empirical formulas
depend on the & function rather than the order of the equa-
tion, namely the factors are 7 and 14 if we use F'5,, or 9 and
18 when we use Fg),.

The fact that the C,; series diverges for k;<<1/3 and the
R, series diverges for ko> 1/3 makes it very difficult to get
both values for the same &, accurately, except for ko near
1/3. Although we do not understand this divergence analyti-
cally, we may try to see how the ky=1/3 limit comes about
by looking at the two series in Eq. (25). Note that the nth
term of the series of C,3 is proportional to (1 —k()" and that
of R, is proportional to (2kg)”. These two factors 1-—kg,
and 2k, are equal when ko= 1/3. From this we can also see
another reason why we cannot calculate R, and C,, by the
series method. In order to calculate them, we must evaluate
the series from the right hand side of Eq. (22). It is obvious
that the nth term of these two series is proportional to 2 and
1 +kg respectively, which are larger than 2/3 for all k,. So
these two series are expected to be seriously divergent. In-
deed we found that it is so numerically. Therefore, it seems
that we cannot calculate R, and C,,4 by the series method, at
least in the present formulation.

From these empirical formulas (27} to (29) of C,; and
other numerical results, we see that although C,; is not ex-
actly independent of absorption, the dependence is much
weaker than other coefficients because of the (1——k0)2/4
factor, if kg is close to unity. Note that the empirical formula
for R, should be proportional to exp(—2«?), for the nonrel-
ativistic case, similar to that of Eq. (1), but C,; is only pro-
portional to exp[—(1—~ky)*«%2]. Note also that the factor
Cng is usually very small for a plasma, since the O-mode
transmission coefficient is usually very close to unity so that
one of the factors C, or C, is very small, depending on
which one represents the O-mode. Therefore, when calculat-
ing the coefficient C,; from solving the integral equation
numerically, usually only one or two significant figures can
be obtained for realistic cases. Due to the weak dependence
on absorption, these one or two significant figures remain
unchanged even after other scattering parameters have de-
cayed to relatively small values. Another factor is that the
numerical method that solves the integral equation also does
not converge for large k. Thus, it is hard to see how C,;
changes for really large absorption using that method. That
explains why the previous result indicated that C,4 is inde-
pendent of absorption,>? since the k, values used there were
all close to unity.

IV. DISCUSSION

Although subject to some divergence problems, the se-
ries method once again shows its power in calculating fast
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wave scattering parameters. We now know that it works for
equations with order higher than four and for five branch
problems as well as three branch problems. It has been used
to calculate C,;, the coupling coefficient between the
X-mode and the O-mode, for situations with even stronger
absorption, with much higher accuracy and efficiency than
solving the integral equations numerically. This enables us to
conclude definitely that the X-mode—~O-mode coupling does
depend on absorption and we have found empirical formulas
for it for different absorption functions. From these results,
we know that the dependence on absorption is usually weak
so that we can explain why this dependence was not found
by the previous study. It should be noted that while the cou-
pling between the X-mode and the O-mode from branches 2
to 3 or vice versa is nonzero for ky# 0, the coupling between
branches 1 and 4, which represent the same waves traveling
in the opposite direction, vanishes identically so the coupling
is unidirectional.

The dependence of C,3 on absorption indeed satisfies
the separation scheme for very strong absorption. Since the
mode conversion coefficients of the two separated three
branch problems all vanish for very strong absorption, the
conversion coefficient C,3 between the two must also vanish
eventually. However, because of the weak dependence on
absorption of C,;, it may not change much for moderately
strong absorption, even when the mode conversion coeffi-
cients of the two separated problems all become very small.
This means that the separation scheme still does not work
very well here, not until the absorption becomes extremely
strong. This is a fact that must be taken into consideration by
any theory that treats the five branch problem as two sepa-
rated three branch problems. This also shows that solving
these higher order equations for the five branch problem may
provide more advantages than the separation scheme, even
for moderately strong absorption. The example given here
has demonstrated that the weak dependence of C,;, found
by solving these higher order equations numerically will be
difficult to emulate using the separation scheme. The affir-
mation of the weak dependence of the X-mode—O-mode
coupling on absorption does give one confidence that ana-
lytic expressions (with or without the empirical formulas) for
the coupling are unusually robust, and may be used for such
plasma wave trapping scenarios mentioned in the introduc-
tion over a broad range of parameters.
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APPENDIX: SOLUTIONS FOR COMPLEX Z

One possible way to evaluate I of Eq. (13) is to per-
form the integration in the complex z-plane. This can be
done only if the 4 function has some good analytical prop-
erties in the z-plane. We will assume that % is analytic and
tends to zero at least as fast as |z|™! for z on or below
(above) the real axis for the + (—) case. Note that all the
physical situations we consider here satisfy these assump-
tions. Also, it has been shown that F ; and T j are analytic
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everywhere.'> Then we can change the path of integration of
I, defined as the semicircles C. in Figs. 10 and 11,

1
Ijk=chtFj(Z)h(Z)q’k(Z)dZ, (A1)
with y=z—zq on the figures for later convenience. The so-
lutions f; for complex z values are still defined by Eq. (5)
with the same integration contours. The asymptotic behavior
of the f; on C. can be found by considering the contours of
asymptotic solutions for z— exp i 8, with —7<8<0 for the
+ case and 0<@<7r for the — case, see Figs. 10 and 11. Let
us look at the — case first. After some consideration, one
realizes that there are five regions of @ where these contours
are topologically different. These five regions are
OS9<91, 6|<9<62, ’IT/3<62<6<7T/2593,
0:<6<6,>2m/3, and 0,< <1, see Figs. 5-9. The exact
values of @, to 6, are not important to the proof here except
the fact that 8,>2m/3, which can be quite obviously seen
from these figures. Note that the asymptotic solutions indi-
cated on these figures have the following asymptotic behav-
ior,

upxe'® |, upxe™ 1,
Upoceikoz 1, vmoce—ikoz T,
i 0 < 6 < 2u/3,
T 2713 < 6 < T,

T 0 < 6 < 2u/3,
I 2w3 < 8 < T,

i(2/3)Az>72
sp%e

Smoce—i(zfz)um {
where T indicates that it is an exponentially growing solution
and | indicates that it is an exponentially decaying solution.

The circles on these figures, with the four quarters being
black and white alternatively, indicate the saddle points of
the two slow wave asymptotic solutions. The white quarters
represent the downhill sides and the black quarters represent
the uphill sides. The positions of these two saddle points for
z7=|z|exp(i6) are

ks= ihzll2= i)\lzll/zeie/z’
with crossing angles ¢ determined by

2¢+ o 7
¢$r3==7"
Note that ¢ of each circle on these figures is just the angle of
the middle line that divides the circle into two symmetric
parts along the two white quarters. We see that the slow
wave saddle points tend to infinity as [z|—¢, ie., for z on
the contour C_ .

The fast wave asymptotic solutions can be calculated by
using Hankel’s contour integral,'®

(e™'"t) e 'dt=— 2m
Ca NN
where the contour Cy starts at £=exp(07), comes along the
positive real axis, turns around the origin counterclockwise,
then goes back along the positive real axis to

(A2)
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t=o exp(2i). The contour of each fast wave has to go
around a fast wave branch point kq, g=123, or 4, that ‘
comes in along a direction on which

k—kq=lk—kq|e_ia“‘“’2,
and goes out along a direction on which
k"kq= lk_kqle—i8+3i1r/2.

These directions are also indicated by the shape of the fast
wave contours on Figs. 5—9. This means that these four fast
wave contours have to turn 180° as 8 changes from 0 to .
By comparing the topology of the general contours in
Fig. 4 to those contours in Figs. 5-9, we can find out the
asymptotic behavior of f;. For 0<#< 8, (see Fig. 5),

FrEs,—uy——s,%u, |,
Fa%sp— —up— —Vp = Uy U, Uy =5, %, T,
f3xsp— —up—=vp—up— = sp,%v, |,

fa®Sp— —Up— ~ U, >V, — U, Up— —5,%0, T,
fs®sp——up——v,—5,%s, 1,

Srx—s, |,
foocsp—+—ul,—+—vp—+—vm——*—um——+smocsm T, (A3)

where the — indicates the order of going through these paths
so that the contours of the individual solutions will be added
up to be topologically equal to the the general contour for
each solution f;. We did not show proportional constants
which are not important in the discussion here, although they
are important in getting the scattering parameters of Egs.
(6)—(8). For 8,<6< 6, (see Fig. 6),

flocup ls
fzoc—up—+—up—->sp—>um—>—sp—)up—->upocum T,
f3x—up—v,—up=v, |,

Fa% —Up—r =V, —8, 20— =S =V, U, %0, T,
fsX— Uy —0 8y — U=V — §pf2— 5 %5, T,

f7°c—sp la

fox—up——v,~5,2—5,%5, 1. {A4)
For w/3<0,<@<w/2= 0, (see Fig. 7},

freu, |,

fa% U= — Uy Uy Uy UpF Uy,

fax—up—vp—up=v, |,

fa®—up— —v,— 0, >0, u,%u, T,

Fs® U=~ Uiy V=V U5, %Sy T,

fre—sp |,

fo%Sm T. (A5)
For 0;<6< 8, (see Fig. 8),

Sreu, |,
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N |
0

y= Ry

FIG. 12. Integration contours on the complex plane for some of the If,,(z) of
fast waves for the — case.

frXvm—up— U %o tu, T,

fixv, |,
faxvn, T,
Sm T 8 < 2w/3,

f5°‘”’"”*“"'_’s"’°c[um 16 > 2m3,

! e < 2/3,
fV“_s"[T 9 > 2m/3,

T8 < 24/3,
f°°<s"’[¢ 6 > 2m3. (A6)

For 6,< 8<m (see Fig. 9),

Hixu, |,
S SV = Uy — =V = — 5, %0, T u, 1,
fixv, |,
faXSp—U,— —spxv, T,
fsXS U — U <u, T,
fre=sp,—= = sp2——vp,—>—u,x=s, 1,
fo*sml. (A7)

In summary, the asymptotic behavior of the fast wave solu-
tions f, to f4 for z on the contours C_ are

fl & u & eiz l’
f2 & u, <« e-—iz Ta
f3 o« Up I eikQZ l,

fa < vy = eTHor . (A8)

By Eq. (11), it is obvious that F; has the same asymptotic
behavior as f;. To show that ¢;, and thus ¥; has the same
asymptotic behavior as f;, we need to define ¢; for complex
z values using the integral equation (10). By redefining the
end points of some of the integrals in Eq. (10), namely end
points of I;,,1y,.15,,115,13;,1}, changed to ®e'™? (see
Fig. 12), and end points of I;'k with k=1,2,3,4 changed to
we'™3 (see Fig. 13), it can be shown that the i, in the left
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FIG. 13. Integration contours on the complex plane of I7,(z) for k=1,2,3,4
of the — case.

71NN ST} .

hand side of Eq. (10) will have the same asymptotic behavior
as f; , provided that the ¥, on the right hand side of Eq. (10)
is assumed to have this property. This can be seen by con-
sidering the asymptotic behavior of each term of the right
hand side of Eq. (10) for each k. Note that these redefinitions
of end points will not affect the values of i, for z on the real
axis. So, ¥, indeed has the same asymptotic behavior as
fi, for k=1,2,3,4, if the integral equation (10) is convergent
for these solutions. This will be true if #—0 at least as fast as
|z] 7", as assumed. Note that the fact that f7s, and fo<s,,
for z on C_ has been used in this proof.

For the + case, the integration contour is changed to
C ., defined in Fig. 10. There are also five regions of @ where
the contours of the asymptotic solutions are topologically
different. These five regions are 0=6>—6,, —6,>6>0,,
—6,>0>—0,, —0;,>0>—6,, and —6,>60=—m. The con-
tours for this case are symmetric to those in Figs. 5-9, so we
will not show them here, but will point out an easy way to
get them from these figures. We only need to make a mirror
reflection about the imaginary k-axis of those contours in
Figs. 5-9, then exchange the labels m+« p, and change the
directions of the arrows to the opposite. Then the asymptotic
behavior of f; can be found for each region. For 0>6>—6,,

[1%—8,—Uy—85, XU, |,
foX =SV, = U= — V=~V S %U, U, T,
[3X—8,— V=5, %0, |,
fax—=8,—v,—5,%0, T,
fs%sp,— —v,— —up,—sp%s, T,

fe%sm 1,
JoXSp—= —Upy— —Up— =V — U, 5, %S

P p

(A9)
For - 6,>6>—6,,
Sreu, L,
foX=su—v,— U~ —v,—~s,%v,tu, T,
f3%vm 1,
fax=sp—v,—5,%0, T,
C. S. Ng and D. G. Swanson 3763

Downloaded 09 Aug 2001 to 128.255.34.168. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/pop/popcr.jsp



fsxs,—sul2—s,%5, T,

f6°<sm l’

foxs,=8,/2—~ —vp——u,xs, T. (A10)
For — 6,> 60> — 6,4,

f1%up, 1,

faxvp—u,——v,%v,+u, 1,

[3%vn, 1,

faxv, T,

fs®sp—Up— 0 —sp%s, T,

f6%sm s

Sfoxs, T. (A11)
For — 6;>0>—4,,

f1<un L,

2~ U= — U= U=V DU <u, T,

[3&—u,—v,—u,xv, |,

SaX — U= =V U,V — Uy ®v, T,

s, 6 > —27/3,
fsmsﬁ"""*“'"“[uml 9 < —2m3,
| 8 > =2u/3,
f°°‘s"'[T 6 < —2a/3,
T 6 > -—-27/3,

f"””[l 6 < —2m3. (A12)
For — 6,>6>—m,

fieu, 1,

fox—tyy— = U= =Sy = U=,V — U %, T,
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[3% = Upy— Uy U %0, |,

Fa% = Uy = = U= =50, =S, =V Uy <0, T,
fsocsp”"vm_’um“vm by

f6XSm—8,1200 —up=sy,T,

foxspl. (A13)

In summary, the asymptotic behavior of the fast wave solu-
tions f, to f4 for z on the contours C.,. are

fi &« uy = eTE,

fo o x u, « &%,

f3 x p, « e—ikozl,

fa o= v, « ek (A14)

Using similar arguments, it can be shown that F, and ¥,
have the same asymptotic behavior as f;, for k=1,2,3,4,
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